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THE MATHEMATICAL ASSOCIATION 


- Tue Annual General Meeting of the Mathematical Association was held at the 
' Polytechnic, Regent Street, London, on 3rd and 4th January, 1952. 

- On 8rd January, the business meeting was held at 10.30 a.m., with the 

President, Dr. M. L. Cartwright, F.R.S., in the chair. The Report of the 


* Council for 1951 was adopted. The following alteration to Rule 9 (i) was 


» carried : ‘“‘ An Ordinary Member who has not made a life composition, or a 
» Junior Member, who wishes to terminate his membership, must give written 
notice of his resignation to one of the Secretaries.” 
The election of Mr. K. S. Snell as President for 1952 was announced. The 
» following Vice-presidents were elected: Dr. M. L. Cartwright, Dr. W. L. 
\ Ferrar, Prof. H. R. Hassé, Prof. W. V. D. Hodge, Mr. W. Hope-Jones, Sir 
» Harold Spencer Jones, Prof. E. H. Neville, Mr. G. L. Parsons, Mr. A. Robson, 
» Mr. A. W. Siddons, Mr. C. O. Tuckey, Prof. A. G. Walker, Prof. G. N. Watson, 
© Sir Edmund Whittaker. The Treasurer, the Librarian, the Secretaries, the 
Editor of the Mathematical Gazette and the Auditor were re-elected. The 
following were elected to serve on the Council: Miss L. D. Adams, Mr. D. G. 
Bousfield, Prof. T. Arnold Brown, Dr. I. W. Busbridge, Prof. R. L. Goodstein, 
Mr. W. J. Langford, Dr. E. A. Maxwell, Miss F. M. Pendry, Mr. M. A. Porter. 
» At 11.30 a.m. the Presidential address was given by Dr. Cartwright on 
“Non-linear vibrations; a recent chapter in mathematical history”. At 
2.15 p.m. a discussion on “‘ The Association’s Reports ’’ was opened by Mr. 
5 J.T. Combridge, Mr. A. W. Riley, and Prof. T. A. A. Broadbent. At 5 p.m., 
to mark the jubilee of the first Teaching Committee, Mr. A. W. Siddons, 
Mr. C. O. Tuckey and Prof. E. H. Neville contributed an hour of reminis- 
cences. 

On 4th January at 10 a.m., Mr. K. Wardle opened a discussion on “‘ Vec- 
tors’, followed by a paper from Mr. R. H. Cobb on “ Syncopated geometry ”’. 
At 2.15 p.m. a discussion on the Calculus Report was opened by Mr. K. S. 
Snell and Dr. I. W. Busbridge. At 5 p.m. Mr. A. W. Fuller spoke on ‘“‘ Some 
measuring and computing devices of interest to teachers in secondary schools 
of all kinds ”’. 

A Publishers’ Exhibition was open throughout the meeting. 
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REPORT OF THE COUNCIL FOR THE YEAR 1951 


Membership. 


During the period from lst November, 1950, to 3lst October, 1951, 123 
full members and 32 junior members were admitted. The membership at 
3lst October, 1951, was 2,533, of whom 8 were honorary, 237 life, 2,169 
ordinary and 119 junior members. It is with regret that the Council reports 
the death of the following members: Mr. E. J. Atkinson (1923), Mr. A. 
Auerbach (1946), Mr. J. K. Bailey (1946), Mr. F. G. W. Brown (1928), Dr. 
L. J. Comrie (1939), Mr. F. J. Cock (1924), Dr. L. Crawford (1902), Mr. F. H. 
Dodd (1928), Mr. G. B. Ehrenborg (1921), Rev. Fr. H. de Generet (1948), 
Mr. R. Gosney (1950), Mr. E. W. Harrison (1946), Miss W. G. Janes (1930), 
Mrs. E. M. Lucas (1937), Mr. J. W. Mercer (1911), Mr. R. T. Robinson (1925), 
Mr. G. Y. Smith (1948), Mr. J. H. Smith (1934), Master F. C. Spencer (1949), 
Miss I. Temple (1951), Professor W.H Wagstaff(1892), Mr. E. Westwood (1945). 

There are now seven members who joined the Association before 1900 ; 
they are Emeritus Professor P. J. Heawood (1892), Mr. W. F. Beard (1898), 
Mr. C. H. Richards (1898), Dr. A. E. Western (1898), Mr. C. E. Youngman 
(1898), Mr. H. T. Holmes (1899), Mr. A. W. Siddons (1899). 

The List of Members has been revised but the high cost of printing makes it 
impossible to issue the list to members. 


Finance. 

Receipts this year were £3,531 18s. 1d. and payments were £3,069 0s. 3d., 
so that the balance of cash in hand has been increased by £462 17s. 10d. 
This increase was some £300 above the estimated figure, and was due to two 
favourable circumstances: the first of these was an unexpectedly heavy 


payment of arrears of subscriptions, £261 17s. 6d. as compared with the 
previous highest arrears of £86 15s. 0d. in 1936 ; the second was an increase [ 


of £165 5s. 8d. in the proceeds of the sales of Reports—some £140 more than 
was expected. Of these two favourable circumstances, the first will certainly 
not recur in the next account, since fewer than 100 members are now in arrear 


with their subscriptions and all but 40 have paid the full subscription of one f 


guinea ; the second circumstance should again have a favourable effect in the 


next account since the new Reports are much in demand, and the proceeds of fF 


sales may well reach £500. 

The balance of cash in hand is now £577 19s. 9d., and—excluding any allow- 
ance for the publication of new Reports—this may well be increased by about 
£150 during the next year. It is clear, therefore, that the Association should 
be able to publish one new major Report during 1952 or 1953 and, if all goes 
well, subsequent Reports in alternate years. 

The one feature in which further economy seems possible is the expenses 
of committees, and it is hoped that these will be reduced in the next account 
to somewhere near £250. The objective here is for the proceeds of the sales 
of Reports to cover not only the cost of reprinting Reports but also committee 
expenses. 

The introduction of the 7-year covenant for annual subscribers has met with 
@ most encouraging response. Within two weeks of the distribution of the 
circular over 90 members had completed the covenant, and others had written 
to ask for further details. Income from this source will probably not begin 
until the 1953 account. 

Only one Branch has asked for assistance from the Branches Equalisation 
Fund, and a payment of £2 8s. 0d. has been made to Leicester and County 
for lecturers’ expenses. The fund now stands at £8 lds. 0d. 
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‘carefully its policy in the production of reports. The matter was raised at 


REPORT OF THE COUNCIL FOR THE YEAR 1951 
The Branches. 


Both home and overseas branches continue their activity and reports from 
several of them have again been published in the Mathematical Gazette. Owing 
to a great deal of propaganda work by Mr. K. N. Senior of Bloemfontein a new 
branch in South Africa is rapidly gaining strength. 


The Mathematical Gazette. 


During the year, the cost of printing has risen very considerably, and some 
diminution in the size of the Gazette is inevitable in the interests of economy, 
though the Council hopes to avoid a return to the extreme tenuity of the 
war-time issues. There is no decrease in the number of Articles and Notes 
submitted, and the number of new books sent for review continues to increase. 

The plates published in each number have been very generally welcomed by 
members, but it may be necessary to have these in alternate numbers only in 
future. 


The Library. 


The checking of books against the card index is now completed and the 
Librarian of the University of Reading is prepared to distribute books, giving 
a regular service beginning at once. Some accessions still await sorting. 


The Teaching Committee. 


The Teaching Committee met in Bristol on Wednesday, 28th March, and 
on Saturday, 3lst March. 

The Committee received with much regret the resignation of Mr. Tregenza 
on the occasion of his retirement from H.M. Inspectorate, and that of Miss 


_ Bowman on resigning her position as one of the Secretaries of the Association. 
_ Both were retained as members of sub-committees by co-option. Mr. A. P. 


Rollett, H.M.I., was elected to succeed Mr. Tregenza on the Teaching 
Committee. 

The illness of Mrs. Williams towards the end of the year has been a serious 
matter for the Committee. As Chairman of the sub-committee on Modern 
Schools, Secretary of the one on Primary Schools, and a member of the one on 


| Professional Training, Mrs. Williams was playing a large part in the work of 


the Teaching Committee, and was facing a multitude of duties in connection 
with her translation to Whitelands College. The best wishes of all her col- 
leagues go to her for a quick and sure recovery. 

During the year all the sub-committees have kept on steadily with their 
tasks. The VIth form Geometry sub-committee is able to circulate a draft 
of its Report to the Teaching Committee for the meeting to be held in London 
on January 5th, but at least one more meeting of the sub-committee will be 
needed before the typescript can be sent to the printers. 

The Visual Aids sub-committee is making steady progress, but does not 
expect to submit its Report until the 1953 meeting of the Teaching Com- 
mittee. 

The Sixth Form sub-committee has been separated into three, dealing 
respectively with Sixth Form Algebra, History of Mathematics and Co- 


‘ordination of Sixth Form with First Year University work. 


This tendency to be fruitful and multiply has been stigmatised by some 
members as disintegrating, and by others as expensive. Its coincidence with 


a sharp rise in the costs of paper and printing, and with the fiftieth year of 


the life of the Teaching Committee, is causing the Committee to consider very 
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the meeting in March 1951 and is to be discussed in January 1952 both at the 
Annual General Meeting and at the meeting of the Teaching Committee. 
Allied matters to be discussed are the manner in which the drafts of Reports 
may receive the healthiest criticism before being finally printed, and the 
opportunity of closer co-operation with the Gazette in eliciting the fullest 
possible expression of members’ views on the topics dealt with in Reports. 
Meanwhile existing Reports continue to sell well. It has been necessary 
to reprint 1000 copies of the Second Report on the Teaching of Geometry in 
Schools (which will by no means be superseded by the forthcoming Report 
on the Teaching of Geometry in Sixth Forms) and 500 copies of the Report 
on the Teaching of Mechanics. It is hoped that the Second Geometry Report 
will be available at the Annual General Meeting: its price will remain at 
4s. 6d., but the price of the Mechanics Report must be raised from 3s. to 3s. 6d. 


Problem Bureau. 


The number of applications received during the past year shows a further 
increase, and quite half of these come from members who are applying for the 
first time. The Problems sent in cover all branches of the subject, a large 
number coming from the Cambridge Scholarship Volumes ; those on Mech- 
anics, however, do not form so large a proportion of the whole as usual. 

All applicants express their appreciation of the help they receive. 


Officers and Council. 


The sincere thanks of the Council are expressed to the President, Dr. M. L. 
Cartwright, and to the Officers for the way their duties have been carried out 
during the year. It was with regret that the Council accepted the resignation. 
through ill-health, of Miss M. E. Bowman after several years of work as an 
Honorary Secretary, an office in which she has been succeeded by Miss W. A. 
Cooke. It is now the turn of Mr. C. T. Daltry to retire from Council and 
appreciation is expressed to him for his assistance. 





GLEANINGS FAR AND NEAR. 


1683. Her parents were much exercised over this brain of Marianne’s and 
were doing their best to repress it within lady-like proportions. But Marianne 
wouldn’t be interested in sensible things like crewel work and watercolour 


painting and duet-playing on the pianoforte with her little sister Marguerite, [ 


even though she’ did all these things superlatively well. That was the trouble 


with Marianne, she did them too well, and her restless intellect reached out F 
beyond them to things like mathematics and the politics of the Island Parlia- F 
ment, farming, fishing and sailing, knowledge that was neither attractive nor f 
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necessary in @ woman and would add nothing whatever to her chances of f 
attracting a suitable husband.—Elizabeth Goudge, Green Dolphin Country, > 


p. 13. [Per Mr. Sydney Thomson. ] 
1684. William of Auvergne (d. 1249) argues that the world cannot have 
existed from eternity, for supposing that the revolutions of Saturn stand to 


the revolutions of the sun in a proportion of one to thirty, the sun will have | 
made thirty times as many revolutions since creation as Saturn. But if the f 


world exists from eternity, both Saturn and the sun will have made an infinite 


number of revolutions. Now, how can an infinity be thirty times greater | 
than another infinity?—Fr. F. Copleston, A History of Philosophy, Vol. I, F 


p- 220. [Per Bishop F. J. Western.] 














by 1 
mat 
succ 


oru 


| Agai 


B can | 
» integ 


calcu 
can s 


aa 









































HEAVISIDE AND THE OPERATIONAL CALCULUS 


HEAVISIDE AND THE OPERATIONAL CALCULUS.* 
By J. L. B. Cooper. 


the 


orts — xe centenary of the birth of Oliver Heaviside last year has been the occasion 
the of celebration by electrical engineers and physicists in this and other coun- 
lest | tries. In the discussions of his work much has been said about the Operational 
S. Calculus ; and as the versions of its history which have been given both in 
sary these commemorative celebrations and in most of the textbooks of the sub- 
yim f ject are seriously incorrect, this may serve as an occasion to recount that 
port | history more correctly. The story in widest circulation is that the Opera- 
port i tional Calculus was discovered by Heaviside (Boole being sometimes—and 
port | incorrectly—named as the discoverer of its applications to ordinary differ- 
n at | ential equations) and rejected by British mathematicians because of Heavi- 


- 6d. | side’s lack of rigour. The facts, as I shall show, are that the Calculus was 
' well known in Britain and France before Heaviside’s birth, and that the 
' rejection of his paper had nothing to do with his use of symbolic methods. 


‘ther | The first of these facts is sometimes recognised in German and American 
r the books—never, curiously enough, in those written in this country and France, 
large | where the calculus is invariably attributed to Heaviside; I hope to com- 
lech- | pensate for this lack of originality by what I hope is an accurate and, within 


limits of space, complete account of the early history of the subject, as well 

' as by rescuing our predecessors from a charge of undue rigour made against 

_ them in no other context. 

: The essential idea of the Operational Calculus is that operations, almost 

[. L. | imvariably linear operations, on functions are treated as if they were algebraic 
. ' quantities. The operators with which we shall be concerned almost exclusively 





— are those derived from the differential operation D, or D,; where there is 

- jas no fear of confusion the symbol of the independent variable will be omitted. 

V. A. Typical examples of the processes of the calculus are the solution of differ- 

! pa _ ential equations by factorisation ; e.g. of 

d? 

— Pe (a4) M4 abu= f(t, celeaihiniadiammeaecemas (1) 
by writing the operator {D?+(a+b)D+ ab} as (D+a)(D+b), which is legiti- 
mate if a and 6 are constants, and then either using two integrations, solving 

| successively 

s and § Oe oak i Me GS (2) 

of e 

we wate | or using the method of partial fractions : 

lerite, ; 1 1 1 

aie = eee 

rp =(D+aj(D+5-F-alD+a Dro: (3) 

— q Again, the equation 

ye nor f 

ces of | Ou Ou 2 tiie 

untry, | > By Or CF — D0 aie isccncicsesenons (4) 

— » can be factorised to read (D,-D,)(D,+D,)u=0, and solved by successive 

, hav 


' integration. A more startling process, and the really critical one in the 
ind to ' calculus, is the use of transcendental or irrational functions of D: thus we 
| have § can solve 


if the Ou du 
nfinite Bat = ry Coccccccccccoccccceccceeecceocoecoccecees (5) 
Treater | 


ol. Il,— *A lecture given to the London Mathematical Society, on January 18, 1951. 
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sia OOS . 

by writing it an D,u and the solution as 
w= e-2V Ded (t) + CPV Der (t).  ...cssececsceeceecseroes -(6) 


Of course, this last form needs an interpretation of the symbols involved : 
various means of finding this have been used, of which the simplest is to 


expand in powers of D;: 
nD n'2 
etVDip=4 2 pb, 


n! 





and to interpret D, in some way consistent with the rule of indices, usually 
by the rule 
Dt cli 
I'(p) I'(p-m)* 


To come to the history, we may quote one of the best-known books on 
the history of mathematics, by E. T. Bell, who presents the subject as follows. 
After some unimportant preliminaries, the operational calculus was dis- 
covered by Heaviside. His papers were rejected by the Royal Society 
because his methods were unorthodox, but since then it has been found that 
they are quite correct in the results they give because of the work of various 
** unsolicited rehabilitators ’’ of Heaviside, Bromwich and others. In Bell’s 
summing up : 

“‘ Following the trite pattern, the Heaviside tragi-comedy degenerated in 
three acts into broad farce: the Heaviside method was utter nonsense ; it 
was right and could readily be justified ; and everybody had known about 
it long before Heaviside used it, and it was in fact almost a trivial common- 
place of classical analysis.... The supple and hoity-toity acrobats in the 
third act have been too busy balancing their dignity against their slip in the 
first act to notice what their gymnastics prove.” 


The hoity-toity acrobat referred to is Doetsch, who, in his book on the 
Laplace Transform (3) certainly is unduly disparaging in his remarks on 
Heaviside, but deserves no such condemnation as a historian. On the con- 
trary, I shall show that there was no slip in the relevant act of Bell’s play, 


but that Bell arrived too late at the theatre and failed to understand the f 


plot. 
The Operational Calculus may be regarded as primarily a discovery of the 
first quarter of the nineteenth century ; but the earlier history of it is interest- 


ing. The earliest writer in whom we find the germs of the idea is, naturally 


enough, Leibnitz; he had noticed what he called “the analogy between 
differences and powers ” ; but this analogy seems to be not the one on which 
the modern symbolic calculus rests, that between the operation of differentia- 
tion and multiplication by a constant, but a less far-reaching and more 


awkward one between differentiation and raising a quantity to a power; to 


use suggestive notation, not that between D"w and au, but that between 


u(™) and u”, which is involved in Leibnitz’ formula that (wvw ...)™ expanded f 


as asum has the coefficients of (u+v+w...)". This analogy Leibnitz extended 
to negative integers, and he proposed an extension to fractional indices, though 


his suggestion is very unclear to me. The next major writer is Lagrange (7). F 
Lagrange attempted to free the differential calculus of all use of infinitesimals f 
or limits by basing it on the possibility of expanding functions in power series, f 
and on the calculus of finite differences. He was led to write Taylor’s theorem > 


in the form 


f (+h) —f(x) = (EMD - 1) f (2), vecccessrecessceeencesseees (8) 
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in our notation, and to derive formulae such as 


Af (az) = (EMD —1)f (x), ceeseccccecceesecceccsevesees (8a) 


where 4f(x)=f(x +h) = f(x) is the operator of the calculus of finite differences. 
Lagrange seems to have regarded these proofs as purely heuristic: and it 
seems likely that he was still thinking in terms of the Leibnitz analogy rather 
than of the modern one. For example, he wrote (8) not in the form in which 
it is given here but in the, strictly speaking incorrect, form 


af 
Af (x) = ef dz _ 1) 


adding that after expanding the exponential as a power series we must change 
df” into d"f. 

Laplace was the next to take up the question. He provided a rigorous 
proof of Lagrange’s formulae (8) and (8a), by arguing that if the left-hand 
side is expanded as a series in x the coefficients are independent of the par- 
ticular function f, and by taking f =e" we get the correct coefficients and the 
formula. His major contribution was the “ calcul des fonctions genératrices ’’. 
He assumed that a function could be represented in the form (8, pp. 83 et seq.) 


f(x)= | ee ee (9) 


with limits of integration to be chosen suitably : and then 


Df(a)= | pF (p)eP*dp. pase oeesouien cciunevecuseuuenl (10) 


He used this method to solve differential equations and difference equations 
(for which a series replaces the integral). 

A useful distinction may be made here. A form of the operational calculus 
in which the operator is manipulated directly according to algebraic rules 
1 shall call a formal calculus. One in which it is assumed that a function can 


_ be represented in a certain manner, and the operation of differentiation is 


made to correspond to ordinary algebraic operations on the terms of the series or 


analytic geometry ; or, better still, to that between a direct geometrical 
solution of a problem and one which is solved by transforming into another 


_ space and operating in the transform space. The distinction is not absolute : 


most formal calculuses use some representational methods as auxiliaries or to 


_ provide proofs. However, I shall not consider writers who make use of 
_ purely representational methods without discussing their connection with 


formal ones. Examples of these are those who discuss solutions of differential 


| equations in power series, or Euler’s investigations on solutions of differential 


equations in terms of integrals which were independent of Laplace and con- 


tween | ‘in no symbolic discussion. The symbolic discussion in Laplace himself is 
_ slight, and his calculations were mainly carried out in terms of the representa- 


tion. He gave a solution of the equation (5) by symbolic methods involving 


an expansion in a power series of D, and evaluation of the terms as definite 
integrals. Similar methods were used by Poisson for the equation of heat 
conduction in three-dimensions and for the wave equation. 

At the beginning of the nineteenth century formal calculations with D, f, 
4 and 2 were carried on by Arbogast and his followers ; but they were based 
purely on analogy, and were not regarded as rigorous by their contemporaries. 
Indeed they were used to produce developments in series, some of which are 


_ patently absurd. 
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A major step in the theory of the formal calculus was taken by F. J. 
Servois (11), who was considered by contemporaries to have taken the 
“‘ analogie entre les puissances et les différences ’’ out of the sphere of mere 
analogy and made it mathematically satisfying ; in the process the meaning 
of the analogy was changed to the modern one. Servois pointed out that 
the operator D obeys the same laws as algebraic quantities, the laws 


D(f+9)=Df+Dg, D,Dy=D,Dy 


which he was the first to name the distributive and commutative laws respec- 


tively ; and he concluded that all laws and procedures valid for algebraic © 


quantities were valid for them. He aimed to give a fresh means of carrying 
out Lagrange’s programme of placing the differential calculus on a purely 
algebraic basis by basing it on the algebraic laws obeyed by the differential 
operator. It should be said of this programme, incidentally, that it was not 
as completely illusory as may appear: for it was admitted that considera- 
tions of limiting processes are essential for applications of the calculus to 
geometry and mechanics, and quite a large part of the analytical side of the 
differential calculus is purely algebraic. Leaving this aside, Servois must be 
considered to be the first man to have approached a formulation of the idea 
of a linear operator. One cannot help feeling surprised that this notion had 
escaped the great Lagrange, when one considers how much of his work on 
differential equations, his discovery of the adjoint equation, and his work in 
the theory of numbers are such that it is almost impossible for a modern 
mathematician to formulate them without using the concept of a linear 
operator : but an attentive reading of these parts of his work justifies the view 
that he did not have the general concept. In Servois, too, the concept of an 


operator is not clear: there is a confusion between operators and functions fF 


or algebraic quantities, which is illustrated by the fact that he wrote the dis- 


tributive law D(f+g)=Df+ Dg, considering this analogous to that for alge- | 


braic quantities, whereas the actual analogous form should be, say, 
D,(D,+D;)=D,D,+D,Ds. 


It was left to the British Mathematicians of the 1820’s and 30’s to clarify these 
ideas. 
A systematic application of the differential calculus to differential equations 


was made by Brisson (12). His methods depend on rather complicated F 
expansions in series ; but he seems to be the first author to discuss factorisa- q 
tion of symbolic expressions and its application to the solution of differential > 


poste 





© 





equations. His work is referred to very frequently in Cauchy’s memoirs ; fF 


but it seems possible that Cauchy was writing of later work of his which may 
not have been published. 
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A major step forward in the development of the representational calculus 
was taken by Fourier (13). He gave and used systematically, in germ at any f 
rate, two representational calculuses which have been the basis of all later > 
ones. In fact, Fourier developed the theory of Fourier Series in order to give F 
a representational calculus for periodic functions, and that of Fourier integrals P 


to give one for non-periodic functions. He used both in the solution off 


equations of heat conduction, frequently writing the solutions in forms involv- F 


ing transcendental functions of D before using Fourier integrals or series to 
evaluate them ; and he proposed a calculus of fractional differentiation based 
on the Fourier integral. His calculus is greatly superior to that of Laplace 


in that it is possible to give an expression for the coefficients of the Fourier} 
series, or the integrand in the Fourier integral, corresponding to a given function fF 
expressible by either of these means: whereas Laplace was not able to give > 
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HEAVISIDE AND THE OPERATIONAL CALCULUS 9 
the form of the function F'(p) of (9) except where it was determined by the 
differential equation satisfied by f(x). However, the symbolic methods occur 
in Fourier side by side with other methods from which it is rather hard to 
separate them, and which are used more frequently : his principal method 
was to find simple standard solutions and fit them together as sums and 
integrals to fulfil boundary conditions. 

It is in the work of Cauchy that we find a first systematic representational 
operational calculus. In order to set up such a calculus Cauchy wrote the 
Fourier integral formula in its exponential form : 


@ @ ; 
Sf (x)= on 1. (" 2 Sly) dy, BD cnccasinsocanesvmenens (12) 


and for functions of the operator D gave the following formula : 


an) 
$(D) f(x) = = ® o (iu) ew) f(y) dy du. ..cccceeceees (13) 


He also gave the corresponding formulae for functions of several variables. 
This is the essence of the modern form of the representational calculus. 
Cauchy’s work on the subject is contained in a very large number of papers, 
covering most of his working life ; they range from his prize-winning ‘‘ Mémoire 
sur les Théories des Ondes ”’ of 1815 (14a), in which there is little explicit use 
of symbolic methods, his “‘ Sur l’analogie entre les puissances et les différences ”” 
of 1825 (146), his ‘‘ Mémoire sur le calcul intégral’’ presented in 1825 but 
published in 1850 (14c), to papers running up to 1850 representing various 
points of view on the subject. In the two last-mentioned papers the calcu- 
lations are almost entirely symbolic : the representational method is mentioned 
as a general justification of the method, but is little called upon for the 
actual work. One example from the last memoir may be quoted : it is the 
solution of a problem very like those later considered by Heaviside, that of 
integrating 


ou wi Ou 0 
a — 


| for a<x<b with boundary conditions 
ations | 
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torisa- p 
rential | 
noirs ; F 


rs) 7] 
u(x, 0)=f(2), 5, + Au=0 at x=a, 5, + Bu=0 at x=. 


The solution is written in the alternative forms 


u=elmDat f(x) = 6709 (t) + e-79A(t), 
where 
mO=,/(D;+7r), 


_ and the difficulties due to the finite range of definition are overcome by 


ingenious manipulations. In later papers Cauchy used the purely symbolic 
methods to an increasing extent, and relied on the Calculus of Residues for 


papers and in numerous papers on wave propagation and other questions of 


' mathematical physics. The analysis is not always rigorous, but is always 
\ fairly critical. Cauchy’s later point of view is indicated in his ‘‘ Mémoire sur 
l'emploi des équations symboliques ”’ (14d), in which he says, referring, as he 
' always did, to Brisson as his predecessor in the use of these methods, that he 
had given a rigorous justification of the use of symbolic methods involving 
the functions of D and 4 as far as rational functions of these operators are 
concerned, but ‘‘ one cannot say the same of formulae at which one arrives 
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in developing these functions in infinite series, as M. Brisson has proposed, | ’ 
or when with this author or M. Poisson one makes these operators enter under , 
the sign of integration’. For testing the correctness of such procedures, he fF 
gives a simple prescription: substitute the results in the equations to be we 
solved and verify the solution, taking care that series introduced remain con- — ry , 
vergent. In one sense nothing more satisfactory has been proposed to this — od 


day. Relying on such verification and the use of Residues, Cauchy developed — " 
the standard methods of modern operational calculus, including the method pa} 


of factorisation of symbolic expressions and the method of expressing rational ot 
functions of symbolic operators involving both one and many variables as | _ 
sums of partial fractions—the method which is today known as the Heaviside 
expansion theorem. He also used expansions in both convergent and diver- | — 
gent series, pointing out the dangers of the latter but justifying their use in [ _ 
some particular cases. abe 
Fractional differentiation was used for the solution of differential equations P _ 
by Liouville (15) as an application of his calculus of fractional differentiation. = 
He solved a number of integral equations, and differential equations of the f ys 
form - 
(ma? +-na +p) at (qa + ne ue sy =0. lool 

crit 

Apart from these writers, and from a number of workers on the special 
problem of the factorisation of ordinary linear differential equations with tees 
non-constant coefficients, few or no French writers worked on symbolic aie 
methods between 1830 and about 1925; Cauchy’s work seems to have been F as 


overlooked. 

The other major centre for the development of symbolic methods was in the 
this country. The earliest paper on these methods which I have traced is 
in the Philosophical Transactions for 1807, when the astronomer Brinkley f 
extended some of Lagrange’s formulae in the Calculus of Finite Differences ; that 
he was followed by J. F. W. Herschel in 1816. In the interval, Babbage, g 
Peacock and Herschel had won their struggle to replace the fiuxional nota- fF inn 
tion, which made Brinkley’s work very cumbersome, and to introduce that f 


of Leibnitz, “‘ replacing the dot-age of Cambridge by the principles of pure f hon 
d-ism”. Leibnitz’ notation immediately suggests symbolic methods: and Ff ,. -. 
from the 30’s to the 60’s papers on symbolic methods poured into the mathe- Sun 
matical periodicals: the Cambridge, the Cambridge and Dublin, and their fF o¢ tl 


successor the Quarterly Journal of Mathematics printed about six articles on follo 
the subject in most volumes of these years, and there was a steady flow in 
the Philosophical Magazine, the Proceedings of the Royal Irish Academy, and 
a respectable output of larger articles in the Philosophical Transactions. 

The work on'this subject was stimulated by the general attitude of the TI 
British school, which was algebraical and, on the whole, formalist. Peacock, 
though unclear in his ideas, was a pioneer in this line of thought. One of the f 
earliest workers on symbolic methods, and one of the main inspirers of the 
British school, was D. F. Gregory, who died aged only 37. He formulated > im 
the principle that algebra is the science of formal symbols subject to certain f 4)... 
laws of composition and axioms, to use modern phraseology, a view which F 
was further expanded by de Morgan. Gregory took the view, following on 
Servois, that the fact that symbols obeyed the same laws as algebraic opera- 
tions justified extending to them all identities valid for “ algebraic quan- TI 





tities”, by which was meant the real numbers. This principle, called the band 
principle of separations of symbols of operations from quantities, when prete 
applied to the operational calculus, was held by all members of the British fj; .,, 


school to be sufficient justification of their work. Gregory (9a) formulated fF 
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the algebraic laws more completely and clearly than Servois, and he added 


| to the list the associative law, which was later so named by Hamilton. He 


criticised Fourier and Cauchy for timidity for relying on representational 


_ methods, a timidity which he explained by saying that only subsequent 


clarification had shown the validity of the principle of separation. The logic 


| of the method was developed in the papers of Murphy (18), of Boole (19), 
' and in Boole’s book on Differential Equations. The importance of these 
_ papers, and particularly of Boole’s, is that they were the first to define clearly 


the concept of an operator, of an inverse of an operator, and so on. Fourier 
methods were used frequently by these authors, but they were regarded only 


| as a useful auxiliary for evaluating particular symbolic expressions and some- 


times for proofs of general formulae. The work of these authors was not 


ret ' confined, as was that of Cauchy, to the solution of equations with constant 


coefficients, for which the Fourier methods are most useful, but extended to 


_ more general equations, and was proposed by Boole as a substitute, in his 


view an improvement, on the method of solution of ordinary differential 


_ equations in series. Such investigations made necessary the study of non- 


commutative operators. 
It is most remarkable that all this work, with that of Cauchy, is quite over- 
looked by books on symbolic methods. As analysis it is open to considerable 


_ criticism. The great weakness is the neglect of questions of convergence ; 


but if it is not better than some work done by modern symbolists, it is also no 
worse, and in dexterity of manipulation it outdoes a great deal of modern 
work, and anticipates much of it. It is quite likely that the results of many 
present-day researches can be found in these British papers or in those of 
Cauchy ; the only general exceptions, I imagine, are work involving special 
functions not studied at that time, and work involving the convolution 
theorem for the Fourier or Laplace transform. A striking example of such 
anticipation is the study (20) by the Rev. Professor Graves of Dublin of 
operators obeying the law zp- pr=1. His treatment is almost identical with 
that in modern texts on quantum theory, no less rigorous, and no more. 
Some of the major British mathematicians of the time—de Morgan, Boole, 


_ Hamilton, Cayley—took part in this development. None seems to have 


questioned its bases, and it appears in most of the standard textbooks of the 
calculus (e.g. 9, 10). De Morgan wrote (10, p. 753) of the use of the method 
as applied to partial differential equations : ‘‘ The use of the symbol of opera- 
tion D, as a constant with regard to another symbol of operation D, is one 
of the severest trials to which the calculus of operations can be put, though 
following readily enough from the first principles of the science.” His view 
was that in well-developed branches of mathematics thorough rigour is neces- 
sary, but that in newer branches an experimental and tentative approach is 
desirable. 

The basic principle, that symbols satisfying the laws of algebra satisfy all 
identities obeyed by the real numbers, is true generally for identities involving 
only polynomials. It can be extended to rational functions provided inverse 
operations are carefully defined. It is not valid per se for functions of opera- 


tors whose definition involves limiting processes ; as Cauchy pointed out, it 


then needs to be supported by considerations of convergence. Oddly enough, 


» Cauchy had in his representational interpretation a means of passing the 
_ limits mentioned, and within them had no need of a representational inter- 


| pretation. 


These difficulties, with others arising from unclarity about the domains 


and ranges of operators, showed themselves in occasional disputes about inter- 
| pretations of operational formulae, in particular in an attack by Peacock on 


aieted | Liouville’s theory of fractional differentiation and a subsequent controversy. 
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have found their ostensible outlet in the solution of differential equations, it 


is more likely that their chief purpose was to satisfy the passion of the con- f 
temporary algebraists for long and complicated formulae, a passion more f 


usually sated on invariant theory. 


We now come to Heaviside’s place in the story. Heaviside was born in 
May 1850; he was attracted to the study of telegraphy through Sir Charles 
Wheatstone, his uncle, and began a study of it, first experimental and f 
then theoretical, as an employee of a telegraph company, which he later > 
left to work on his own. He received no formal mathematical education f 
apart from that at school in Camden Town, but he taught himself both f 


mathematics and electromagnetic theory. In particular, he studied Boole’s 
Differential Equations and Fourier’s Heat (‘‘ the only entertaining book on 
mathematics ”’), and from these must have derived the ideas of his operational 
method. He taught himself to such good effect that he became a major 
contributor to Electromagnetic Theory. In awarding him an honorary 
degree in 1905 the University of Géttingen described him as “ among the 


followers of Maxwell easily the first’. As a mathematician he was gifted f 
with great manipulative skill and with a genius for finding convenient methods F 


of calculation. He simplified Maxwell’s theory enormously ; according to 
Hertz, the four equations known as Maxwell’s were first given by Heaviside. 
He is one of the founders of vector analysis, and engaged in vigorous and 
lively polemics against quaternions. He wrote that an American schoolgirl 
was said to have defined quaternion as an ancient religious ceremony : “ but 
this is a mistake ; the ancients, unlike Professor Tait, knew not and did not 
worship quaternions ” (H.M.T., I, par. 100). 

He described his attitude to mathematics as experimental, ‘‘ bold and 


broad”, and many entertaining passages of his writings are devoted tof 


attacks on the purists, the Cambridge or conservatory mathematicians as he 
called them. He took part in the campaign for the reform of geometrice! 
teaching. Of the teaching of Euclid, he said that it was a sad farce: in his 
school “two or three followed and were made temporarily into conceited 


logic-choppers, contradicting their parents ; the effect upon most of the rest 


was disheartening and demoralising ” (Nature, 1900). 

As a result of his mathematical work on telegraphy, Heaviside laid the 
foundation of the modern theory of signals on telegraph wires, and in par- 
ticular predicted that beneficial effects would follow from giving the wire a 
suitable quantity of self-inductance. This contradicted the prejudices of the 
Chief Electrician to the Post Office, and in consequence some of Heaviside’s 
reports, written in conjunction with his brother, were suppressed by the 
Post Office ; moreover, a series of articles of his in the Electrician was stopped 
on the grounds that no one read them; but he believed that there were other 


reasons. The result of this was that he later felt himself to be a rebel against F 


official science, and had something of a persecution complex, which extended 
to contemporary mathematicians and mathematical physicists, although there 
is in fact little in their conduct towards him which could justify or even 
explain this feeling. He finally retired to Paignton, where he lived in eccentric 
isolation until 1925. Honours and offers of grants or posts came to him; 
many he refused as charity. In 1890 as a result of the recognition of his work 
by Kelvin, Rayleigh and Fitzgerald, he was elected a Fellow of the Royal 
Society. 

These facts help to explain his attitude to mathematics. In addition, it 





In the end the limitations of the method were bound to retard progress. By 

the 60’s, the papers in the Philosophical Transactions show the floridness 
characteristic of an artistic decadence: long and unreadable treatises deal f 
with operators subject to various commutation laws, and while these may f 













scienc 





Heav 


ito th 
' tolera 


Nov 
symb 
of the 
the fu 


In his 


of D, 
zero f 
gent 
asymy 

Ac 
were ’ 


earlier 
F of divi 








. Bye 
idness 
s deal f 
> may | 
ons, it 
@ con- 
more 


orn in & 
harles 
il and 
later fF 
cation F 
* both fF 
soole’s 
ok on 
tional 
major 
1orary 
ig the 
gifted 
sthods 
ing to 
viside. 
is and 
oolgirl 
* but 
id not 


d and 
ed to 
} as he 
etrica! 
in his 
ceited 
16 rest 


id the 
n pal: 
wire & 
of the 
‘iside’s 
»y the 
opped F 
» other 
gainst 
tended 
1 there 
r even 
centric 
. him; 
3 work 


Royal 





ion, it 
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must be remembered that he was primarily a physicist—though he had an 


' intense interest in some parts of pure mathematics—and was not very widely 


read in mathematics. He seems not to have been particularly fluent in 
foreign languages. (‘‘ Foreigners’, he wrote, “‘ have a gift for languages 
and have invented a large number of lingos . . . let them give us poor islanders 


| the benefit of their skill by doing all their best work into English.” #.M.T., 


III, p. 53.) 
The Operational Calculus was first used by him for the solutions of the 
equations of telegraph theory : second order partial differential equations of 


' hyperbolic type with constant coefficients and with initial values of the 
' function given at t=0. Two papers of his, ‘‘On Operational Methods in 


Physical Mathematics,”’ Parts I and II, were published in the Proceedings of 


| the Royal Society in 1892 and 1893. Part III was rejected in 1894. It is this 


rejection which has led to the legend that the Operational Calculus, dis- 
covered by Heaviside, was rejected by his contemporaries. 

The published papers and Chapter VIII of Part II of H.M.T., which repro- 
duces the three papers in brief, illustrate what Heaviside meant by experi- 
mental mathematics. He made no claim to rigour, and manipulated infinite 


series, convergent or divergent, in all respects as if they were finite sums. 


He knew that his methods could lead to error: this he considered part of 


_their charm. It is quite incorrect to regard him as an innovator in this: he 


was only following the attitude of his teachers, the textbooks from which he 
had taught himself, with less caution than they had shown ; he was, in fact, 
as a mathematician, typical of the British mathematics of the 1850’s. 

The papers on “ Operational Methods in Physical Mathematics ” do not 
contain a systematic account of Operational Methods ; moreover, they do 
not contain applications to physics, or even, for the most part, to the solution 
of differential equations. They are contributions to the theory of the gamma, 
exponential and Bessel functions. Now criticism of the rigour of a solution 
«2 a differential equation is always slightly pointless: the solution can be 
checked, and any way of finding it is legitimate. Criticism of mathematical 
rigour in works on physics is also held to be out of place, with less reason ; 
ihe physicist’s intuition is supposed, more accurately in the nineteenth century 
than now, to be able to guide him. It is questionable whether the acceptance 
of two standards of rigour is always beneficial either to pure or to applied 
mathematics : but as long as he does not find himself on the R 101 or the 
Tacoma suspension bridge at a critical moment, victim of an engineer’s false 
assumption of a uniqueness theorem, the mathematician may well let other 
sciences follow the practices which experience has commended to them. 
Heaviside’s papers, however, being purely mathematical and contributions 
to the Theory of Functions, a subject in which results are useless without 
tolerably rigorous proof, need to be judged by stricter standards. 

Now Heaviside’s favourite method for the interpretation of an operational 
symbol was to expand the symbol in an ascending or descending power series 
of the operator D,, often with fractional powers, and to substitute for Dye* 
the function ¢*/I'(«+ 1), and for D,” the zero function if n is a positive integer. 


‘In his symbolism all functions were generated by operation with functions 


of D, from the unit function, written 1 by him, which is 1 for positive and 
zro for negative t. The result of this procedure was, often enough, a diver- 
gent series: in many cases one that today would be considered a valid 
asymptotic expansion. 

A critical reader of the first two papers will be more surprised that they 
were published than that the third was rejected. If he bears in mind the 
earlier history of the subject we will certainly conclude that it was this use 


of divergent series that led to rejection ; and this guess I have been able to 
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verify through the kindness of the Royal Society, who have allowed me to 
see the referee’s report. The explanation of the more favourable treatment 
of the first two papers is simple: they were not refereed. According to the 
Records, at that time and for years after no paper of a Fellow submitted to 
the Proceedings was refereed (though all T'ransactions papers were refereed), 
and special action must have been taken on Heaviside’s third paper. This is 
confirmed by a story which was told to Sir Edmund Whittaker by one of those 
concerned (21) : 

‘* There was a sort of tradition that a Fellow of the Royal Society could 
print almost anything he liked in the Proceedings untroubled by referees : 
but when Heaviside had published two papers on his symbolic methods, we 
felt the line had to be drawn somewhere, so we put a stop to it.” 

Heaviside himself asserted that a reason for the rejection was a prejudice 
against him because of his attacks on quaternions. This is most unlikely: 
none of those concerned had any strong interest in quaternions, and they 
were attacked by others, including Cayley and Kelvin. 

The referee’s report makes it clear that his objections apply as much to 
the first two parts, which deal mainly with the exponential and binomial series 
and Bessel’s functions of order zero, as to the third which deals with Bessel’s 
functions of any order; and, because they are simpler, takes most of his 
examples from Parts I and II. 

For the history of the symbolic calculus, the most significant feature of the 
report is the complete absence of any mention of it. It can safely be assumed 
that the referee either took it for granted or, if he had any private doubts 
about it, considered it so well established that he would no more have felt it 
his duty to object to its use than a referee of intuitionist leanings would today 
feel it right to object to the use of the principle of the excluded middle in a 
paper on classical analysis. His objections turn entirely on the use made of 
divergent series. It does not appear that he objected to the use of divergent 
series in all circumstances: he considered that some of those obtained by 
Heaviside might be of use for numerical calculation. His objection is to the 
fact that the equivalence of a divergent and a convergent series or of two 
divergent series is nowhere defined, and that they are manipulated with no 
justification for their use. He complains that no definition is given of the 
sum of a divergent series, but infers that the definition used is that it is equal 
to the sum up to the smallest term in the divergent part with an error of less 
than the first term omitted. It may be mentioned, incidentally, that this 
definition is to be found in Laplace’s Probabilités and in papers of Cauchy and 
Stokes. 

He quotes the series given for e~*. A series for e~* was given in Part II, 
52; in Part III this is ‘‘ shortly dismissed as wrong, apparently in consequence 
of another ‘ formula’ for e~* which is obtained in Part III.... He says in 
effect, let us consider * 

e ££ ee 





continued to infinity both ways. It obviously satisfies at u=0, therefore 


u=Ae-*. When r=0 the series is e~* and when r= 1 it is — e~*, therefore let 
us try u=cos rme~*. Taking certain special values of r and x he shows that 
there is approximate numerical equality between that part of the series which 
begins with the least term in the divergent part and cos rme~* and concludes 


* This series had been given by Riemann and Cayley. It is discussed in G. H. 
Hardy’s Divergent Series. 
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that the whole series is equivalent to cos rme~*. Later on he alters this result 
again. Comment on the above process appears to me to be needless.” 

Further, the referee says that it seems that the author was “ ignorant of 
the modern developments of the theory of linear differential equations which 
have followed from Herr Fuchs’ paper (Crelle, vol. 66) : and in consequence, 
if this view is correct, he is trying to find a ‘ royal road ’ to results which have 
already been established by exact reasoning.” His conclusion is that the 
results of the paper may or may not be correct : the methods by which they 
have been found make them valueless. 

It may be asked whether the referee would have been more lenient if he 
had known the modern theory of asymptotic series. The report shows explicitly 
only knowledge of Stokes’ theory of asymptotic series, which is contained in 
the definition of its sum which, the referee infers, is the one used by Heaviside. 
The modern theory was established by Poincaré in 1886 in a paper on linear 
differential equations in Acta Mathematica: I think it unlikely that the 
referee knew of this, but he may conceivably be referring to this in his remarks 
about the ‘“‘ modern developments ”’ of the Fuchs theory, which is otherwise 
a little hard to understand. However, it would in my view have made little 
difference whether the Poincaré theory was known to the referee or not: for 
most of Heaviside’s methods and some of his results will not fit any theory 
of series. Chapter VIII of Vol. II of H.M.T. shows that he had no consistent 
theory of them. His procedure was to find asymptotic expansions by any 
methods, and to test them by numerical calculations for small values of the 
argument. For example, in § 431 he gives convergent and asymptotic expan- 
sions for the function equivalent of the symbol (1+ D-)". (The functions 
involved are in the notation of Whittaker and Watson, Modern Analysis, 
Chapter XVI, the confluent hypergeometric functions 2~te-#*Mj_,,,9(z).) 
Heaviside tested his expansions for various n, and considered them correct 
for n= +4, +4, but incorrect, because his numerical checks failed, for other 
n in particular m= —1. Now for all I know the series are correct in all cases : 
but let us take n= -1. We have ‘ 


(1+D7)=1-D-+4D-*- 


e ie 
=l-t+o -...=¢ a 
and 
D 
=e oe —— 
14D D- D?+ D®-...=0, 


and we arrive at the result e~'=0, which Heaviside rejects. Now this is an 
example of a correct asymptotic expansion: any function such that t"f(t)>0 
for all m as t+o has a zero asymptotic expansion for positive t. Clearly 
numerical tests for small ¢ are useless for checking an asymptotic expansion. 
Earlier (§ 429) we find the formula (No. 28) 


@ (1-1) 
gaol (r+at1) 


r+a 
2 


in the usual notation, which the most hardened summer of divergent series 
would find awkward. It shook even Heaviside: but he says: ‘“‘ The apparent 
numerical unintelligibility is no necessary bar to the use of (28) as a working 
and transforming formula. It often turns up.” Later in the chapter, when 
series fail to satisfy his numerical tests he modifies his definition of the sum, 
taking fractions of the term after the smallest into the calculation. 

This matter would not be worth so much attention but for the repeated 
statements by eminent mathematicians that Heaviside was one of the greatest 
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creative mathematicians of the nineteenth century and that his methods 
never led him to error. These statements arise mainly, I think, from admira- 
tion of his great achievements in physics and their contrast with his unhappy 
life. I share this admiration: but I feel that an accurate statement of his 
actual achievements is high enough praise for this famous man, and that it 
is a false generosity which makes him a posthumous gift of other men’s work 
and reputations. 

In fact, the concentration on Heaviside has had unfortunate effects on the 
teaching of operational calculus: it has come to be regarded with more 
suspicion than is justified, and even electrical engineers, like van der Pol, 
who use the legend as a stick to beat the mathematicians, take good care not 
to use Heaviside’s methods, but to substitute for them the use of the Laplace 
Transform. In fact, for quite a large class of differential equations the use 
of symbolic methods can be justified without such extraneous aids. 

It is pleasant to record that in spite of the numerous gibes at them in his 
work Heaviside remained on good terms with many “ conservatory mathe- 
maticians ’’. One may add that if his remarks about mathematicians (‘‘ Even 
Cambridge mathematicians deserve justice’’; ‘‘ Cambridge is where good 
mathematicians go when they die ’’) are often quoted, while those on anti- 
mathematical electrical engineers are not, it is because the former are good- 
humoured, the latter very bitter. In 1913 W. H. Young exchanged letters 
with him, discussing asymptotic series and fractional differentiation ; they 
did not get far, having little in common save a belief that British mathe- 
matics was ina bad way. From 1913 to 1920 he corresponded with Bromwich, 
first about divergent series and then about his symbolic methods: only 
Bromwich’s letters to him seem to be available, at the library of the Institu- 
tion of Electrical Engineers. Bromwich described to Heaviside the methods 
he was using to take the place of the symbolic methods, based on contour 
integration : and Heaviside, then aged 70, learned to use them. 

Mathematicians have made varying judgments of the contribution made 
by Heaviside to the Operational Calculus. On balance, my own conclusion is 
that there was little new in his methods and that his main contribution was 
to apply them to a new field and to make their use a necessity in electrical 
engineering. His use of them in the solution of the differential equations of 
electromagnetic theory is not open to the criticisms which apply to his work 
on asymptotic series, for in the former field results are easily checked. From 
the mathematical point of view there are perhaps two new features in his 
work ; (a) the idea that all functions could be generated from the unit func- 
tion by symbolic operation with functions of D ; and (b) the use of the opera- 
tional calculus for functions defined for positive ¢, and taken to be zero for 
negative ¢. : 

There are, in fact, three principal types of operational calculus for the 
symbol D;* and I suggest that the following terminology for them would 
be convenient and do less violence to history than many such attributions : 

(i) The Fourier Operational Calculus, for periodic functions. This is the 
calculus used by electrical engineers in the study of A.C. circuits. As a repre- 
sentational calculus it depends on the Fourier series ; functions are expressed 
in the form 


f(t)= Sa,ei, 


* One could also distinguish other calculuses for different operators, and even for 
D. Thus the calculus used by nineteenth-century British mathematicians for 
solution of ordinary differential equations is a calculus for x D,, whose representa- 
tional form is the theory of solution in power series (cf. 24). 

The substitution z=e! reduces this to one similar to (ii). 
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and the results of operation on them by 
$(D)f(t) = 24(in)ane™. 


(ii) The Cauchy Operational Calculus for functions defined over (- ©, @). 
For functions small enough at infinity, the representational form is that given 
by Cauchy in formulae (12) and (13). For functions large at infinity this 
will no longer work; some generalisation of the Fourier transform formula 
must be used. The generalised Fourier transforms of Titchmarsh (22) will 
serve for functions of exponential order at infinity. 

(iii) The Heaviside Operational Calculus for functions over (0, ©). For this 
Calculus we can use either the Titchmarsh generalised Fourier transforms, or, 
what is more usual and comes to the same thing, the Laplace transform. The 
transform of a function f(t) is 





































F(p)=\, f(ne-*tat, 


provided f(t) is of exponential order at infinity, and this has the inversion 
formula 
y= (7 * Pipyerta 
f( a =) (p)e?'dp. 

This was substantially Bromwich’s method of dealing with Heaviside’s 
Calculus, and it is closely allied to Cauchy’s. However, there is a striking 
difference between the first two and the third calculus, which can be expressed 
operationally in the following manner. Suppose we have the functional 


identity 
$(u) = 0(u)n(u), 
then we would expect to have the operational identity 


UIE is ineistce scien acceaiad (15) 


whenever the symbols have a meaning.: This holds in (i) and (ii), but not in 
general in (iii). A striking instance is that 


ct ct 
pPMO=|, Dfat=fy fF), DE FWH=D\ Fludu=sey, 


or, again, that since 
e*>Df(t)=f(t-—h) if t>h, 


=0 if t<h, 
e®Df (t)=f(t +h) if ¢>0 
so that e“hD , et hDf(t) = f(t), if ¢>0. 


If formula (15) does not hold, a perfect operational representation is impos- 
sible. In fact, it is easily seen by integration by parts that the Laplace 
Transformation of Df(t) is pF (p)-—f(0), not pF'(p) as would be necessary for 
a perfect representational method. The failure of (15) is the source of a 
number of errors in the symbolic calculus. A representational calculus can 
only be set up for a restricted class of operational symbols. 

Heaviside’s symbolic form for a function f(t) is DF (D). This was pointed 


esting intuitive argument. The formula is ascribed by electrical engineers 


to Carson—a clear indication that they do not read Heaviside. 
The later history of the Operational Calculus can be dealt with here only 


B 
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tion of the Fourier and Laplace Transform methods by a number of writers. 
The first of these trends is one of the major advances in modern mathematics, 
Its essence lies in the removal of the main defect of the formal calculuses of 
the earlier nineteenth century: the purely algebraic ideas of these writers 
were supplemented by essential convergence notions by considering the func. 
tions on which the operations are performed as points in a generalised space, 
a function space, in which a topology which allows the definition of limiting 
processes is introduced. This method was applied first to integral operators, 
because these operators are bounded, that is, apply to every element of the 
space, unlike the differential operators which apply to certain of, for example, 
the continuous functions. Later it was extended to unbounded operators, 
and today a large part of the symbolic calculus for D can be incorporated in 
this theory. 

The Fourier Transform or Laplace Transform methods are substantially 
equivalent to the modern form of these operational methods, but can be used 
with greater flexibility. The usual method of applying them today to the 
solution of a differential equation is to deduce from the equation the equation 
which is satisfied by the transform of the unknown function, to solve this, 
and to use the inversion formulae to find the unknown function from its 
transform. This method is logically better, and also more reliable in practice, 
than the Cauchy-Fourier method of differentiation under the sign of integra. 
tion or summation. It can be said, in criticism of it, that the added rigour is 
principally concerned with a matter of secondary importance. If the method 
is carried out with the most rigorous logic it will show only that if there is a solu- 
tion belonging to the class of functions to which the transformation applies, then 
it must have a certain form. It therefore has the effect of establishing the 
uniqueness of a solution within a definite class of functions, but it does not 
provide an existence proof, it does not show that the form actually verifies 
the equation. The only author who has attempted a general investigation of 
this point is R. V. Churchill (23), and the complication of his results suggests 
that for satisfying oneself that one has a solution the old prescription of 
Cauchy, “‘ substitute it and see ’’, remains the best. The difficulty that the 
class of functions to which the transformations apply is restricted in size at 
infinity can be overcome by taking the transformation over a finite region, 
and then examining what happens to the terms introduced by the boundary 
of the region when it tends to infinity. This method gives proofs of unique- 
ness of solution more general than those given by any other method. 

For many problems, notably those differential equations in which the final 
solution depends on the initial values only over a finite region, it is possible 
to justify completely the use of operational methods, and it is not necessary 
to resort to Fourier transform methods for each particular solution, nor even, 
in some cases, for general proofs. For other equations uniqueness depends 
on restrictions on size at infinity, and it is probably impossible to set up 4 
general purely symbolic method for them. 

The modern literature of the subject is enormous, is of very varied quality, 
and includes countless rediscoveries of known results. Much of it is concerned 
with applications to electrical circuits or other engineering problems. 

The outstanding mystery is the apparent forgetting of the earlier work; 
even Bromwich seems not to have known it. It is to be hoped that the future 
will see a better understanding of the history of the symbolic calculus, and 4 
return to the use of symbolic methods as an autonomous discipline in the 
many cases where this is possible. 

In conclusion, I wish to express my gratitude to the Institution of Electrical 


Engineers for allowing me to consult Heaviside’s papers and to the Royalf 


Society for permission to see the referee’s report. 
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1685. The odds against each of the four players at Bridge holding a com- 
plete suit are said to be 2,235,753,911,732,487,297,923,559,999 to one, and my 
calculations approximate to this stupendous figure. 

Reports of similar freak deals crop up quite regularly, and your correspon- 
dent instances three within the past seven years. But can they be credited? 
If such frequent reports are true, the irresistible conclusion is that the odds 
quoted above are erroneous, and that the accepted mathematical theories of 
probability must be scrapped when applied to card deals. We must assume 
unknown factors which influence the fall of the cards and lessen the purely 
chance probability by many millions per cent.—Sunday Times, December 10, 
1950. [Per Mr. G. E. Crawford.] 
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THE EXISTENCE OF A SPIN INTEGRAL IN THE MOTION OF A 
RIGID BODY IN ROLLING CONTACT WITH A ROUGH SURFACE. 


By C. E. EasTHoPe. 
1. Introduction. 

Consider a rigid body having one point O fixed, which is acted upon by a set 
of forces F,(s=1, 2,...,”). Then the equation of motion of the body is given 
by 

dH 
Ge = Za(te ABs), eee meee reer ease ee eeeeeeeeeeees (1) 
where H is the angular momentum of the body with respect to the point O and 
rs=OP;, P, being the point of application of F;. A similar equation holds in 
the general motion of a rigid body if H denotes the angular momentum with 
respect to G, its centre of gravity. 

Now let i be a unit vector specifying the direction in space of a line through 
O, or G, as the case may be. Then, on multiplying (1) scalarly by i, we have 


. GH . 
i. Gy wi Ze(ta AF s)- PTUTECEPETETITIL TTT (2) 
If the right-hand side of this equation vanishes, then we have 
. dH 
Ee , Wi, ecco cceisercecossoteesersameraneaoeweee (3) 


or, if iis a constant vector, which is the case if the line has a constant direction 
in space, 


so that 
= CONE, ccovescioresccsncssccctoncicoeucnceed (5) 


t.e. the angular momentum of the body about the line through O (or G), having 
the direction of iis constant. It is clear that an integral of this nature follows 
from eqn. (3) alone only if i is constant. 

There are, however, certain types of motion in which an angular momentum 
integral of the above type exists even though i is not a constant vector in 
space. Thus, in the case of a symmetrical top spinning on a rough horizontal 
plane, its vertex being at rest relative to the plane, the angular momentum of 
the top about its axis is, as we know, constant, while in the case of a sphere 
spinning and in rolling contact with a fixed sphere 
(i. H) = constant 
if i is the unit vector in the direction of the common normal at the point of 
contact. 

In this note we consider the general question of the existence of an integral 
of the above type when a rigid body spins and rolls in contact with another 
surface. Such an integral does not always exist even when the system consists 
of a sphere spinning and in rolling contact with another sphere, and E. A. 
Milne in his recent book (Vectorial Mechanics, Methuen, 1948) makes the 
suggestion (see p. 357) that there might exist a general theorem governing the 
existence of integrals of this type. That such a theorem can be formulated is 
shown below. 


2. General Theory. 


Consider a rigid body spinning and in rolling contact with a rough surface, f 
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the forces acting on the system being such that they all intersect at some point or 
other the line passing through I, the point of contact of the two surfaces, and G the 
centre of gravity of the body. We assume that the surface on which the motion 
takes place is either free to rotate about a fixed point O, or rotates about some 
fixed axis such that O is a fixed point on the axis. Then, taking moments 
about G, the equation for the rotational motion of the body becomes 


dH . 
= 2, (fg A F's) = = 2,r3(iAFs), oe rere reeeseeeseseesesees (6) 
where i is a unit vector in the direction of IG, and r,(s=1, 2, ...,) are the 
distances from G of the points of intersection of the forces Fs; with IG. On 
multiplying both sides of this equation by i scalarly we thus have 


PII: -saincodiicindiupeincsialeunatin Wael aas (7) 


Since the body is assumed to be in rolling contact with the surface we also 
have the equation which expresses the kinematical condition that there should 
be no relative motion between the surfaces at the point of contact. IfV is the 
velocity of G, 2 the angular velocity of the body and JG =h, then this is of the 
form 

V ERG ARE SS AD) os ccbcsccsiccescsccsscnsecsoeens (8) 


where $2’ is the angular velocity of the surface and r is the vector displacement 
of I, the point of contact, from O. 

Now suppose we consider the rate of change of the component (i. H) of the 
angular momentum of the spinning body about JG. On differentiating with 
respect to ¢, we have 


ad. _ di . dH 
gi: W=7-Hti-a> 
di . 
=7'° 0 SOOO ROO e eee Here eee eee eee Ee eee eeeeseeee® (9) 
in virtue of eqn. (7). But 
sn hc scsecnccbscadsscuchorsvavereumese (10) 


where I(G@) is the inertia tensor of the body with respect to its centre of 
gravity. Consequently, we have 
ad . di 
a iD =g-UG)-2. eC ceccccccccccccccccceccccccccs (11) 
But we have also to make use of eqn. (8). Multiplying both sides of this 
equation vectorially by i, then we have 
LAV +A[iA (iA)] =id (Q’ ar), 
or 
iAV+hi(i. 2) —hAQ=id (Q’ ar), 
so that 
ASI =h(i. A+ 1A [V — (QV/AR)]. .....ccrcsscsscecccceees (12) 


Hence, by multiplying by I(@), and forming the inner product, we have 
A{I(G) .Q} =h(i. Q) (I(G) .i) + 1(@) . fia [V - (Q’ ar)}}, 

which gives on multiplying by di/d¢ scalarly 

di 


di - susainaillle 
n& 1G) .2=hi.2) (F.1G).i +5 


-1(G). fia [V¥ - (Q’ar)]}. ...(13) 
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Substituting for & -1(@). 2) | in (11) we thus have 


a. , di .\ ai ‘ 
he (i. H)=h(i.&) (4.1) i)+4.1@). atv - (S2’ Ar) ]}}. .....(14) 


The second term on the right-hand side of this equation may be further 
transformed by introducing into the theory the velocity of J, the point of 
contact, relative to the second surface, I being regarded as a point on the 
second surface. If we denote this velocity by V(Z), then we have 


Velocity of I in space=V (I) + (QAP). ....ceceeeeeeeeees (15) 
But we also have 
Velocity of G= Velocity of I in space +f MDs, seccucsccenedd (16) 
Hence, substituting from (15), we have ; 
V= V(1)+(2/ar) +h > i, 
so that 
V-(Qary=Vi hs Bj sclcaacieonainaaaall (17) 
Substituting in eqn. (14) we thus have the result 
nS GH) =nG.2) (F.11@).1) +410) in| Vy +04 S il 
Bee a dt’ dt*t’ 
as . i ' 
=h(i.Q) (>. I(@). s)+%. 1(@) .ia[ VU) +49 Ss peciwcoul (18a) 
this, by — the me terms on the right-hand side, may also be written 
£6. H)=9 -1(@). {n ni 2+ [ia (vu +04) ]} pieces (18b) 


For (i. H) to il constant the expression occurring on the right-hand sides of 
equations (18a) and (18b) must therefore vanish. 

To determine the conditions under which this occurs we note that the vector 
occurring in the curly bracket on the right-hand side of (18b) consists of the 
sum of two vectors, one of which is parallel to i while the other is perpendicular 
toi. Consequently, unless the two vectors themselves vanish, the expression 
in the bracket cannot be zero. It therefore follows that if (i. H) is to be con- 
stant the two terms occurring on the right-hand side of eqn. (18a) must 
separately vanish. The conditions for the existence of an angular momentum 
integral of the type 

(i . H) =constant, 
thus become 


di : 
(1) Ge 1(@) -i=0, 


di ; [: =f be 
(2) a 1(@) -1A VI) +he =0. 
These conditions are completely general and must hold whatever form the 
body or the surface may have. 


3. Discussion of the above conditions. 


It is clear that both conditions (1) and (2) are satisfied if di/dt=0. But when 
this is so i has a constant direction in space and in this case the angular 


momentum integral (i. H)=constant follows from the equation for the rota- F 
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tional motion alone as explained in §1. This case therefore is not of any 
particular interest from our point of view. 

We now consider under what circumstances the above conditions are 
satisfied when the motion is such that the direction of i is variable. 


3.1. Condition (1): z 3 1(@) i]=o. Now & -1(@). i| is proportional 
to the product of —_ of the body with respect to the directions defined by i 
and =. But i and $ = ~ are orthogonal and hence the product of inertia with 


respect to these pa... vanishes in general only if i coincides with a 
principal axis of inertia at G.* It follows therefore that the condition 


di ; 
qe 1G) -i=0 


is satisfied in general if, and only if, 
(i) i, t.e. IG, is fixed in the body and is coincident with a principal axis of 
inertia at G, as is the case for instance in the motion of a symmetrical top.f 
(ii) the body is kinetically symmetrical with respect to G, since in this case 
every line through G@ may be regarded as a principal axis at G. 


3.2. Condition (2): {4 .1(@) .ia[ Viz) +45 ]} =0. Since the question as to 


whether this condition holds is of interest only if condition (1) also holds, we 
only consider the fulfilment of this condition for the above two cases in which 
condition (1) is satisfied. 

(i) Symmetrical top. In the case of a symmetrical top spinning with its axis 
in contact with a rough plane, the motion being such that there is no relative 
motion at the point of contact, then we know that the spin of the top about 
its axis is constant, so that the condition must be satisfied. To show that the 
condition is satisfied whatever form the second surface may have, provided 
only that V(Z)=0, let j and k be two unit vectors through G perpendicular to 
one another and also to the axis of symmetry. If C is the moment of inertia 
of the top about its axis of symmetry. A, the moment of inertia about a 
perpendicular axis through G, then we have 


1(G) = Cii+ A (jj + kk) 
CO ie AI. cnc cassis cceadwccosecowccsaeseoosee (20) 


where U is the idem tensor. Hence, substituting for I(@) and putting V(I)=0, 
we -“y 


o -1@). ia[ vu) +23 “|= n{a. 1(@). ind} 


=n{4. (C-A)ii+ AU. a 


d dt 
_, fai $}. 
=n{S. (C - A)ii. iaGte AU. iA fe (21) 


, ip a ' 
*In special types of motion, a may coincide with a he axis throughout the 


motion, but not i, as for instance in the steady precessional motion of a solid of 


_ Tevolution in rolling contact with a plane surface ; but in general this is not the case, 
_ and the condition for [S .1(@) i] to vanish is that i should coincide with a prin- 


cipal axis of inertia at G. 
t The above theory is clearly applicable to this motion provided there is no slipping 


_ at the point of contact. 





24 THE MATHEMATICAL GAZETTE 


But ( 
-(- A)ii=(C - A)ii- a =0, sine ldealiee cule (22) as? 

while if P is any ell then, by the property of the idem tensor, hei 
SS EEE EERO (23) | on 

so that > con 
- AU. ing N= A 15. ind} = Oe ia tn ad (24) YP 


Consequently, both terms in the adie on the right-hand side of eqn. (21) wh 
vanish and the condition is therefore satisfied. 

(ii) Body possessing kinetic symmetry. If the body is kinetically symmetrical ~ ( 
with respect to its centre of gravity G, then at any instant we can take i to be | 
one of the principal axes of the inertia tensor. Consequently, if A is the 
moment of inertia of the body about any axis through G, and j and k denote 
two unit vectors which together with i form an orthogonal triad of reference ; 


at G, then we may write 
1(@)=A(ii+jj+kk)=AU. .............0008 vaisianih (25) : I 








Substituting for I(@), the form of condition (2) thus becomes - 
rt 
dv. [ a} - at 1 
A{4 v.ia[ vi +n] =o, a 
or, in the virtue of the — U.P=P, _ 
con 
— H ialvin +a |= 0, con 
“ “ the 
: , ; ” di. di_ : rep 
if A is omitted. Since di’ 1A a 0, this further reduces to the 
di , 
Bp WAW(L)) HO. coesssecsessessessscsscesesenesnes (26) oy 
We have therefore to establish the conditions under which this equation is 7 and 
satisfied. F typ 
If we rearrange the order of the vectors occurring in eqn. (26), then the © 4, . 
equation may be written ; 4 
A di $ 
[i. (vin)a 4) I ce ieee eee (27) |) isfi 
dt > cen 
But V(J), being the velocity of J, the point of contact, relative to the second 
surface, is at any — at right angles to i, while =f is also at right angles toi. — whe 
The vector (viz)a‘ )A- >) must therefore be parallel to i, so that we can write ; ¥ 
di. > den 
V(1) AS = ai, Le Pe TT (28) 9 a 
5 
where « is a scalar coefficient. Thus it follows that eqn. (27) is satisfied only ~ ” 
if the motion is such that « is zero, i.e. from eqn. (28), only if V(Z) is parallel |” 
dj P ad be 
to a - The requirement that condition (2) should be satisfied in the case of 8’ But 
Kinetically symmetrical body is thus that V(I) should be expressible in the 
form } 
80 t 


VJ) =.4, ssi ends dhedciedaiabiaiasmaan 





where 1 is a scalar quantity. 
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Combining the results obtained above, we can therefore state the following 
general result : 

In the general motion of a rigid body spinning and in contact with a second 
surface, which rotates either about a fixed point or about a fixed axis, the motion 
being such that there is no slipping at the point of contact, while the forces acting 
on the system are such that they all intersect the line IG, where I is the point of 
contact and G is the centre of gravity of the spinning body, then an integral of the 
type 

i.H=constant, 


where i is a unit vector in the direction of IG, exists only if : 


(a) IG has a fixed direction in space, 

(b) IG is fixed in the body and coincides with a principal axis of inertia at G, 
so that the spinning body has the form of a symmetrical top, 

(c) The spinning body is kinetically symmetrical with respect to G, its centre 
of gravity, and the motion is such that at any instant the velocity of the 
point of contact relative to the second surface is parallel to dij/dt. 


It would thus appear that in practice the only motions in which an integral 


| of the type (i.H)=constant is likely to occur are those involving either the 
_ spinning of a symmetrical top in contact with a rough surface, its vertex being 
_ at rest relative to the surface, or the spinning and rolling motion of a sphere. 
_ In both of these cases (and, of course, in the corresponding general cases) the 


moment of inertia of the body about JG is constant during the motion and 


- consequently, i being coincident with a principal axis of inertia at G, the 


constancy of (i. H) implies in these cases the constancy of the component of 
the angular velocity of the body about JG. In these cases therefore we can 
replace the angular momentum integral (i . H)=constant, where it exists, by 
the equivalent spin-integral 

(f: SE)S=CORBIGIE.. 6 cnecscscsestcscecscocsesenseeses (30) 


In the next section we consider the rolling motion of a sphere in some detail 
and deduce the conditions for the existence of a spin-integral of the above 
type when the second surface assumes different forms. 


4. Motion of a sphere. 


4.1. Motion ona sphere. If the second surface is a sphere of radius 6, which 
is free either to rotate about its centre O, or to rotate about an axis through its 
centre which is fixed, then OJ and JG are in the same straight line and we have 


OI=r= +bi 
where i is the unit vector in the direction of the outward normal to the second 
sphere, the + ve or — ve sign being taken according as the free sphere is rolling 


on the outside or on the inside of the second sphere. Consequently, if we 
denote the rate of change of a vector with respect to the rotating surface by 


0 
x’ then we have 


or di 
W)-—= tbe. eee eee eee eee eee eee eee eee eee ee yy (31) 
But 
ai sdi ae 
Beep (BAH de eosseesecsesessesseeeneeneenees (32) 
so that 
di , 
VilD= +o[4- (ai |. of os ell (33) 
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Since (2’ i) is not in general parallel to di/dt, it follows that condition (29) is 
in general fulfilled only in the case in which 8’ = 0, i.e. when the second sphere 
is at rest. Thus in the case of a sphere spinning and in rolling contact with 
another sphere which is not at rest, an integral of the type i. H= constant does 
not in general exist. 

Suppose, however, that we substitute the above value of V (I) in eqn. (18a). 
When the spinning body is a uniform sphere of radius a, then I1(@)= AU and 
h=a and we have 


a¥, G-H)=a(i.2) (4 .1@).i) +41) .ia[ vine], 
=4[i.vinad], TRE (34) 
which, on putting H= AQ, becomes 
af i.Q)=i.ViNad. ee ae (35) 
On substituting for V(I) we thus have 
a% .2)=i.{ o[4- (2 nip |B} 
= +bi-[F a(araiy J, 
= 2bi.[ 2’ (i.4) -i(4.2)], 
= +0(4.9°), 
= 704 G.2)46(1. 


or 





4. j _ dQ’ 
Glia 262’) = 46 (i. =): pete) Mala ees (36) 


We thus see that although (i. H)=A(i.&) is not in general constant, never- 
theless a spin-integral of the type 


Be (GRE EOE ) = CORMIGIY 6.05 ccssccnccccccctccsvencees (37) 
exists provided 
, AQ’ 
1. De ciaceseiarsscursentcovcausecsetssves (38) 


This condition is clearly satisfied if : (i) d8%’/dt=0, i.e. if the second sphere is 
either at rest or rotates with uniform angular velocity about a fixed axis, 
(ii) the second sphere is free to rotate about its centre of gravity provided the 
only forces acting on it intersect the common normal to the two spheres ; for, 
in this case, we have, considering the rotational motion of the second sphere, 
i.dH’/dt=0 as in eqn. (7), leading to condition (38) above. 

We have thus established the conditions under which an integral of normal 
spin* may exist in the case of the motion of a sphere in rolling contact with a 
second sphere. 


* Since in the case when the spinning body is a sphere i is in the direction of the 


normal to the second surface at the point of contact, we shall in future refer to an | 


integral involving the component of the angular velocities about the common normal 
as an integral of normal spin. 
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4.2. Motion on a surface other than a sphere or a plane. Suppose we consider 
in the first place the case in which the second surface is at rest. Then we have 


vn=%, dbnidacipeeniaeeaeuininaameaee (39) 


where dr is the vector displacement of I’ from I, I’ being a neighbouring 
position of I on the surface. Consequently, condition (29) for the existence 
of an integral of normal spin requires that 

dr_ di 

ai B Beh srrseresoreceeevenseseresccccsesonsees 


i.e. that Sr be parallel to 5i. But this can be so only if the normals at J and I’ 


_ intersect. This is always so whenever the second surface is a sphere ; for 


other surfaces, however, it is only so if the path of I at any point on the sur- 
face is such that it coincides with one of the two lines of curvature through 
the point. If the surface is a surface of revolution with its axis vertical, for 
instance, then the lines of curvature at a point on the surface are—(1) the 
curve of intersection of the surface with the meridian plane through P, (2) the 
horizontal circle through P ; if I moves along (1) then the motion of the sphere 
is simply the rolling motion of a sphere on the surface such that the motion of 
G is confined to a vertical plane through the axis, while if J moves along (2) 
then the motion is one of precession about the vertical such that JG makes a 
constant angle with the vertical. Apart from these special motions, however, 
it follows that when the second surface is not a sphere and is at rest, then no 
integral of normal spin exists. 

If the second surface is not at rest but is rotating, then the condition for an 
integral of normal spin to exist is again that V(I) should be of the form 


di oi . 
Vi1)=p G=n(S+Q'ni), cececccocecevcococcecceces (41) 


where . has the same meaning as in § 4.1 above. In this case, however, it is 


difficult to prove that the motion is not such that this condition holds. But 
since it holds only for particular motions when $2’=0, it seems unlikely that 
it holds generally when 82’+0 ; if it did then one would certainly expect it to 
hold generally for $&2’=0 as well. It may hold for particular motions, of 


_ course, as for instance in the case of a sphere rolling and spinning on a surface 


of revolution which rotates about its axis which is vertical, the motion being 
such that i makes a constant angle with the vertical ; this reduces to the above 
case of precessional motion when 82’=0. But, although no direct proof can be 
given in the general case when the second surface is in motion, it seems reasone 
able to say that the condition is not satisfied in general and no integral of 
normal spin in general exists. 

Summing up the results derived above we may therefore say that for a 
sphere spinning and in rolling contact with a non-planar surface, it is only 
when the surface is itself a sphere that it is possible for an integral of normal 
spin to exist as a property of a general motion. 

If we combine the results obtained in §§ 4.1 and 4.2 we may thus formulate 
the following theorem for the spinning and rolling motion of a sphere in con- 
tact with a non-planar surface : 

I. If a uniform sphere is spinning and in rolling contact with a second sphere 


_ whose centre is fixed, the forces acting on the sphere being such that they all inter- 


sect the common normal to the two surfaces, and if the second sphere is either free 
to rotate or has its motion prescribed such that its angular momentum is constant, 








28 THE MATHEMATICAL GAZETTE 


then an integral of the equations of motion exists which is of the form 
(aS + 6&2’) .i=constant, 


where a and b are the radii of the two spheres, 2 and 2’ their angular velocities, | 


and i is a unit vector in the direction of the common normal at their point of con- 
tact ; in no other case involving the general motion of a sphere rolling on a sphere, 
or on any other non-planar surface, does such an integral exist. 


4.3. Motion on a plane. Suppose we consider the case in which the sphere | 


is spinning and in rolling contact with a rough plane which rotates about an 
axis, not necessarily perpendicular to itself, with an angular velocity 92’, the 
forces acting on the sphere being such that they all intersect, at some point or 
other, the normal to the plane at the point of contact. Then, since the general 
theory is applicable to the motion, we have, as in eqn. (35), 


ad. : di 
a% @.2)=i.[vinarS], 
Ci ; 
=i.[vinads ari]. iersacwiieniens (42) 


But when the second surface is a plane 


di 
ao 


so that the above equation reduces to 
d , 
a7 fi .2)=i.[ Vi) (@’aiy | » 


=i. (Q’(i. V(Z) -i(V(Z) .2’)), 
ay Ee ae e (43) 
since V(I) .i=0, V(Z) being at right angles to i. 


Also, since V(JZ) denotes the velocity, relative to the plane, of the point of : 


contact J regarded as a point in the plane, we have 


or dr , 
V(L) = = Gy — (QAR) » wesssessesstecseeseesncenens (44) 
where r denotes the vector displacement of I from O, the point of intersection 
of the axis of rotation with the plane. Substituting into (43) we therefore have 


do _[2_ 1a | , 
| aZ .2)=-[4- (aan) -, 
Gt a, 
iid = .@). 
or 
d . dr ) = ; 
ag, (i. 2) + a ER, ccacsckacseccusectseeosunel (45) | 


If 2’ is a constant vector, then this equation can be immediately integrated | 


to give 








Phuc iis aoN Renta 





ak. B) + :. B’) = CORBA, coc cccccccscccsscsasaccssac (46) © 


which represents a general integral of the motion. In the particular case in 


which the axis of rotation is at right angles to the plane, then the term involv: ~ 


ing $2’ disappears since (r . 82’) = 0, and the integral reduces to 
a(i. 82) = constant. 
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Thus we have the result that provided the plane is at rest or is rotating with a 
uniform angular velocity 2’, then no matter whether the axis of rotation is at 
right angles to the plane or not, a spin-integral exists, its general form being 
given by eqn. (46). 

If, however, $2’ is not constant, then we have from eqns. (43) and (44) 


x o or ‘) 
aa, (i. &)= - a © ecerccccccccvcvececesceceese (47) 


The right-hand side of this equation clearly vanishes if 92’ is at right-angles to 
the plane when we have 
a(i. )=constant ; 


otherwise a spin-integral of this nature does not exist. 

Combining the above results, we thus have the following general theorem 
regarding the existence of a spin-integral for the motion of a sphere in rolling 
contact with a plane : 

Il. If a uniform sphere of radius a is spinning and in rolling contact with a 
rough plane which rotates with an angular velocity 2’ about a fixed axis, the forces 
acting on the plane being such that they all intersect the common normal at the 
point of contact, then, provided 82’ is constant, an integral of the equations of 
motion exists which is of the form 


a(i. 2) +(r.2’)=constant.* 


where i is a unit vector in the direction of the normal to the plane and r is the vector 
displacement of the point of contact from the point of intersection of the axis with 
the plane ; otherwise if 8’ is not constant, then no such integral exists except in the 
particular case in which Q’ is perpendicular to the plane, when the integral 
becomes 

a(i.8) =constant.* C.E.E. 


* The existence of the integral a(i. §2) =constant, under the condition that Q’ is 


_ either zero or perpendicular to the plane, could also have been deduced, of course, as a 


direct consequence of the fact that during the motion the direction of i, and so of IG, 
is constant. (See (a), general result, p. 25.) 


1686. Did you know, for instance, that the Chinese even have a different 
system of logic to the Aristotelian (which, however, has not been without 
its challenge in modern Europe)? Instead of a chain of syllogisms, it relies 
on a sort of rhythmic completion whereby you travel through a kind of para- 
bola back to where you started from. This kind of reasoning was not used 
as a substitute for ordinary common sense, but as a method of harmonising 
society and nature. This may sound strange or even ridiculous to a Westerner, 
but remember that the Chinese built a pretty successful civilisation on this 
sort of foundation which has lasted for over three thousand years.—United 
Nations News (May/June 1951), ‘‘ China”’. [Per Mr. L. E. Godfrey-Jones. ] 

1687. The typewriter keyboard is awkward, inefficient and old-fashioned. 

On the present keyboard, 147 per cent of the typing is with the left hand. 


}—Dr. A. E. Wiggam, in Lincoln Evening Journal (Lincoln, Nebraska), 


December 18, 1950. [Per Mr. Clarence R. Perisho.] 


1688. Nazism was—is—based on infinite cruelty. I opposed it. Com- 
munism is based on even more infinite cruelty. I oppose it too.—Lord 
Vansittart, Manchester Guardian Weekly, August 17, 1950. [Per Mr. C. E. 


| Kemp.] 
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A NOTE ON PERMUTABLE BILINEAR TRANSFORMATIONS. ir 


By M. P. Drazin. eC 
In this note I discuss the general bilinear transformation . 
{ 
az+b m 
w=S)= od’ 


where a, b, c, d are any given complex numbers (with c, d not both zero), and} 
where w, z are complex variables, whose planes are regarded as coincident. 


Setting w=z, i.e. cz*+ (d-a)z-b=0, w 


and excluding the special case a=d, b=c=0, we obtain at most two distinct 
solutions z (possibly infinite), so that, unless f(z) is the identical transformation 
f(z) =z, f(z) has just two “‘ fixed points ’’ (which may coincide). Hence, in 
considering any geometrical locus C which consists of more than two points, we 
cannot hope for a given transformation f(z) (other than the identical one) to 
leave C invariant point for point ; however, it may very well happen that ( 
coincides as a figure with its image f(C), so we shall reserve the term “ invari fir 
ant ” to apply to this latter case. ax 

Further, we shall say that two given bilinear transformations f(z), g(z) ary} ar 
permutable if f{g(z)} =g{f(z)} for every point z of the complex plane. 


Tueorem. If f(z), g(z) is a given pair of permutable bilinear transformations, | 


then either a 
Te 
(i) f(z), g(z) have a common fixed point fle 
or (ii) f(z), g(z) have a common invariant circle (or line). ; 
Proof. The result is obvious if one (or both) of f(z), g(z) is the identical trans. be 
formation, so we exclude this case from the outset. , 
Let f(z) have fixed points a, «, (possibly coincident), and, similarly, let 9 (:| 
have fixed points £,, 8, ; then h 
e 


Fig (o1)} =9{f(a1)} =9(ar)s 


so that g(a,) must coincide with «, or a. If g(a,)=o,, then « is a comma}, to 

















fixed point of f(z), g(z), t.e. (i) holds. 23 for 
We need therefore consider only the case in which a, + «,, and also "9 
B Of. 
9 (a) = a J (a2) = a 5 D gle 
it follows, by symmetry, that we may suppose the points «,, a2, 8, B, al} Poi 
distinct, and, in addition, that ( 
wh 
f(B:)=Ba» (Ba) =B- | 
Since a,#a,, therefore f(z) is not constant, and transforms circles int ma 
circles ; hence, since the triad of distinct points «,, B,, B, are taken by f())) vay 
into a, B., 8, respectively, we see that the circle through these points if 
invariant under f(z). Further, f(z) is a continuous transformation over tht} 0’ 
(closed) complex plane, so it is intuitive that f(z) cannot have just one fixed], in 1 
point on a given invariant circle, whence «, also must lie on the above- mentioned |” 
circle, 7.€. a, a2, B;, Bg must be concyclic. Then obviously each of f(z), 9(7 
leaves the circle through these four points invariant, and the theorem follows. 7 
This rather naive argument can, of course, be made rigorous, either by simp > ver 
topological considerations, or by a detailed investigation of the condition” ma 
under which it is possible for a given bilinear transformation to have a) the 






invariant circle (of non-zero radius), and of the possible geometrical relations] 
between such a circle and the fixed points—it is in fact the case that a/ 
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invariant circle (or line) can exist only if ad-bc+0 and (a+d)*/(ad — bc) is 
real, and then there is an infinity of invariant circles, and each such circle 
contains on its circumference either neither or both of the fixed points of the 
transformation. 

However, it is possible to give a simple rigorous proof independent of these 
more detailed considerations. For the relations 


f (Bi) = Be» S(B2) = Bi 


can be written 


ap, +b=8,(cB, +d), ap, +b=8, (cB, +4), 
whence, since af, + b, a8, + 6 cannot both be infinite, it follows that 


a(B, — B2) =4(B, — Bi), 


and therefore (except when £, — f, is infinite, which case can be easily dealt 
with separately) 


a+d=0. 


Further, since «,, «2, 8,, 8, are distinct, we may suppose that each of a, a, is 
finite. Then, by making a suitable change of scale, origin and orientation of 
axes in the z-plane (and a corresponding change in the w-plane), we can 
arrange that the two fixed points of 


f(z) =(az+b)/(cz +d) 


are a,=1, «,=-1, so that a+b=c+d, -a+b=c-d, whence, using the 
relation a+d=0, we see that, in this coordinate system, the transformation 
f(z) takes the form f(z) = 1/z. 

The condition that f(z) should permute the fixed points B,, B, of g(z) then 
becomes f,8,= 1, so that the cross-ratio 


(co: — Bi) (a2 - Bz) _( -Bi)Q + Be) _ =F 
(a, — B2)(a2- Bi) (1+ B.)(1 +B) ; 
hence * a, a, 8, By are concyclic, and the theorem is proved. 

It will be noted that we have, in fact, proved a little more than we set out 
to do, z.e. that if (i) of the theorem is false, then the fixed points of f(z), g(z) 
form a tetrad of distinct points, while each of f(z), g(z) permutes the fixed 
points of the other, and the sum a+d of the “‘ diagonal coefficients ”’ of each 





_ of f(z), g(z) must be zero. It is also clear that, in case (i), if neither of f(z), 
| g(z) is the identical transformation or identically constant, then any fixed 
' point of f(z) is a fixed point of g(z) and vice versa. 


Our problem may also be approached from an entirely different point of view, 


| which may be of interest. For a given transformation f(z) = (az + b)/(cz+d) 


' may be regarded as defining a matrix F=(¢ 7) 3 then, on expressing the 


variable z as the quotient {,/¢, of the components of a 2-vector {= (} 


w 
w 


» and 


“ , the equation w =f (z) can be rewritten 


) in the matrix form 


®= FS. 

Then, if g(z) is a second transformation, with matrix G, say, it is easily 
verified that the bilinear transformation f{g(z)} can be represented by the 
matrix FG, 7.¢e., with ¢, w as above, we can rewrite the equation w=f{g(z)} in 
the form w=FG$. Applying the same argument to the transformation 


* See, e.g. G. H. Hardy, Pure Mathematics (Cambridge, 1944), p. 99. 
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g{f(z)}, we deduce that a necessary and sufficient condition that f(z), g(z) be 
permutable is that, for every 2-vector , there is a corresponding non-zero | 


sealar «(€) such that 
FGS =«($)GFC. 


However, by considering a basis of the set of all vectors of the form GF%, | 


we see that the function ¢«(¢) can be replaced by a constant, i.e. that f(z), g(z) are 


permutable if, and only if, there is a non-zero scalar « such that FGQ=«GFC | 


for every 2-vector C, i.e. such that FG =«GF. 


Suppose now that neither f(z) nor g(z) is identically constant ; then clearly 


each of F, G is non-singular, so, taking determinants in the above matrix 
equation, we must have «?=1, 7.e. either FG=GF or FG= —GF. Thus two 
bilinear transformations, neither of which is identically constant, are permut- 
able if, and only if, their matrices either commute or anti-commute. 

In the former case, it is easily verified (e.g. by reducing F to triangular 
form) that F, G have a common eigenvector, i.e. that there is a vector 


e= (3) 20, 


Fé — rE, GE = ps, 
(where, since F, G are non-singular, neither of A, » can be zero). Then we have 
©) 161+ bb, _ AS _ hh 
£2 


and scalars A, », such that 


6 +dé, AE, be” 


i.e. y= ,/&, is a fixed point of f(z), and similarly of g(z). Further, if neither of f 


f(z), g(z) is the identical transformation, it is easily verified that the relation 
FG =GF implies that F, G are connected by a syzygy of the form 


pF+qG+rl=0O, 


with p, q not both zero, so that (unless one of p, q is zero) each of F, G has the 
same set of eigenvectors, i.e., as remarked above, provided that neither of 
f(z), g(2) is the identical transformation or zero, each of the fixed points of 
f(z) is a fixed point of g(z), and vice versa. 

If, however, FG= —GF, then it is clear that F, G can have no common 


eigenvector, so that, by our theorem, f(z), g(z) must have a common invariant f 


circle. 
M. P. D. 


BUREAU FOR THE SOLUTION OF PROBLEMS. 


Tus is under the direction of Mr. A. S. Gosset Tanner, M.A., 115 Radbourne Street, 
Derby, to whom all enquiries should be addressed, accompanied by a stamped 
and addressed envelope for the reply. Applicants, who must be members of the 
Mathematical Association, should whenever possible state the source of theit 
problems and the names and authors of the textbooks on the subject which they 


possess. As a general rule the questions submitted should not be beyond the > 


standard of University Scholarship Examinations. Whenever questions from the 


Cambridge Mathematical Scholarship volumes are sent, it will not be necessary t | 
copy out the question in full, but only to send the reference, i.e. volume, page, and F 
number. If, however, the questions are taken from the papers in Mathematics set 
to Science candidates, these should be given in full. The names of those sending F 


the questions will not be published. 
Applicants are requested to return all solutions to the Secretary of the Bureau. 
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AN ENQUIRY ABOUT ENTRY TO MATHEMATICS COURSES. 


In recent years the people concerned with admission of students to under- 
graduate courses reported that a good deal of difficulty and confusion had 
arisen from the multiplicity of applications and from students accepting 
places in several Universities without notifying the Departments concerned, 
or withdrawing at the last minute from a place already accepted. In this 
way places were often kept for applicants who did not turn up in the end and 
vacancies were left for which suitable candidates would have been available 
earlier. 

In the discussion of this problem various remedies had been suggested, 
including a deposit to be paid either at the time of application or at the time 
when a place was offered, but it was felt that this would not be a complete 
remedy and in addition might, in some cases, cause hardship. 

One other suggestion was that Universities might agree to pool information 
and obtain in this way a central record from which the numbers of applicants 
could be ascertained and multiple acceptances could be recognised early. 
However, it was feared that such a scheme might result in a great deal of 
labour and also that, if it was conducted by any central authority, there was 
a danger that it might lead to interference with the freedom of students to 
choose the University they prefer or the freedom of Universities to accept the 
applicants they regarded as most suitable. 

For these reasons we decided to conduct, from Birmingham, an informal 
scheme of this kind for one year as an experiment. This, we hoped, would 
give us experience of what was involved and how much work it would cause, 
and would also provide some figures about the numbers of applicants and the 
extent of duplication. 

We approached informally the Mathematics Schools of all Universities and 


_ University Colleges in England and Wales, with the exception of Cambridge 


and Oxford, where conditions are so different that it would not have been easy 
w fit them into the scheme. We also. wrote to the Scottish Universities, 
but it was decided that the overlap between England and Scotland was not 
significant enough to make it worth their while to take part in the scheme. 
Of the other institutions the following agreed to cooperate : 


Universities of : Birmingham, Bristol, Durham (both divisions), Leeds, 
Liverpool, Manchester, Nottingham, Sheffield ; and the following Univer- 
sity Colleges: Hull, Leicester, Bedford College, Imperial College, King’s 
College London, Royal Holloway, University College London, Westfield, 
North Staffordshire, Southampton and the University Colleges at Bangor 
and Cardiff in the University of Wales. 

Although Cambridge and Oxford were not part of the scheme we asked for 
lists of students who had started on Mathematics Courses there in order to 
see how many of the students on our list had, in fact, been accepted at Cam- 


Universities. 
The method used was to ask all participating institutions to send us, at 


cony a regular intervals, lists of all applicants excluding those already rejected in 
age, and > 


atics set} 8tious applicants). From these a central card index of all applicants was 


March, when the first lists were obtained (who could hardly be regarded as 


made, and we sent back to the various institutions the names of the other 


places to which each of their applicants had written. 


Most institutions require applicants to state where else they had applied 


and to give their order of preference. It had been known for some time that 
| the information given under this heading was not always reliable. Since a 
» simpler way of counting up all applicants would have been to count in each 


Cc 
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University only those who had given that University as their first choice, it 
was of some interest to find in what cases students had given more than one 
school as their first choice. Accordingly we asked for the names of all students 
who had marked their application as first choice to be indicated in the lists, 
and any duplications were notified to the institutions concerned. 

Later we also asked each institution to let us know the names of students 
to whom they had offered places and who had accepted this offer definitely. 
These acceptances were then notified to all the other institutions to which 
the student had applied. We did not report offers of places since we had no 
intention whatever of interfering with the freedom of students to decide for 
themselves which of several offers they wished to accept. Where it appeared 
that a student had accepted more than one place definitely, the institutions 
concerned were notified, but to guard against clerical errors, they were 
advised that, if they wished to take any definite action from this, they should 
confirm the position by approaching the other institution. As far as we 
know there was only one clerical error, which was put right promptly. 

The results obtained from this investigation are as follows : 

The total number of applicants on our file was’ - . - - 721 
of these - - - - - . - - - . - ll 
had obtained places at Cambridge or Oxford, leaving effectively 710 
applicants for Mathematics Courses at the Universities and Col- 

leges covered by the enquiry. 
This should be compared with a total number of - - - 4654 

places available normally, but several institutions stated that 

if necessary they were prepared to increase their number some- 

what and, taking this into account, the maximum total with 


present facilities is estimated at - - . - . - 484 
The number of places remaining unfilled was - - - - 72 
or counting the maximum number of places as available — - - 99 


When towards the beginning of the Session it became clear that several 
institutions still had unfilled places we enquired whether they would be 
prepared to consider further applicants at that late stage even though they 
had not applied to those particular institutions in the first place. Most of 
the institutions that had places unfilled were willing to do so, subject to cer- 
tain conditions. However, when we asked all those institutions that had filled 
their complement whether they had on their lists applicants whom they 
regarded as suitable for a university course, but had to turn down for lack 
of space, and whether they would be willing to advise these applicants that 
they might obtain places in certain other institutions, the reply was in all 
cases that they regarded none of the applicants still on their lists as really 
suitable. This was also our position here at Birmingham. 


If one takes this conclusion at its face value, it would seem that while > 


there were over 200 applicants who did not succeed in finding a place in any 
University or College, these were not really of a suitable standard for entry. 
It is only fair to remark, however, at this point, that the year in which we 
conducted our enquiry was the first year in which the new General Certificate 
of Education replaced the Higher School Certificate, and several Universities 
had considerable difficulty in interpreting the marking under this scheme. 
In addition it may be that from past experience of the intense competition 


for entry one may have been tempted to reject applicants at the early stages | 
not necessarily because they were not suitable for a University course, but : 
because it seemed certain that they would not stand a chance of being accepted. | 
Subject to these doubts, however, it looks as if there are not many applicants | 
for courses in Mathematics at the present who fail to be accepted for lack of [ 


space. 
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The number of students who were found to have given more than one 
University as their first choice was 31. Several of these had been quite 
consistent in stating in every application they made, (sometimes as many as 
six) that the institution concerned was their first choice. If one attempted 
to estimate the total numbers by counting first choices the number would 
therefore probably have been in error by about 50. 

The number of applicants who had definitely accepted two places was only 
three and it would therefore appear that, in Mathematics at any rate, this 
trouble was not as serious as had been thought. There were probably rather 
more applicants who, after definitely accepting a place in one University, 
wrote later to withdraw their acceptance. Because of the unavoidable time 
lag in acceptances being notified to us, such cases would as a ryle not have 
appeared in our records. 

It is hardly necessary to stress that we did not offer any advice to other 
Universities or Colleges as to the action to take where students had given more 
than one first choice or accepted more than one place. In those cases which 
concerned applicants to Birmingham our practice was not to disqualify such 
applicants, but merely to demand an explanation from them. When this kind 
of question was raised with several applicants at the interview we gained a 
strong impression that the practice of giving different orders of preference 
in different applications was in some cases encouraged by the schools. We 
feel therefore that if the reasons for wanting to know the student’s order of 
preference and the difficulties caused by unreliable answers to the question 
were known to the schools one might hope that the practice would cease, 
or at any rate be reduced considerably. 

As regards the amount of work involved in conducting such an enquiry, 
we found that this was surprisingly small. It is not easy to estimate the 
number of hours put in on this by secretaries during their normal working 
time, but it is fair to estimate that the total cost of the enquiry for the first 
year including paper and postage was about £20 and certainly not more than 
£30. This, of course, refers only to the central file and no allowance has been 
made for the work done by the staff of the various participating institutions 
in sending us the required lists. We would like to take this opportunity of 
acknowledging gratefully the help we have had from the academic and adminis- 
strative staffs of all these institutions in making the scheme work. 

We believe that even this modest estimate of the work involved is higher 
than it would be if we were to repeat the experiment, since experience showed 
that the instructions we had sent out about the form in which the returns 
were required were not always quite clear and in several cases further corre- 
spondence was required to settle doubts arising from this. 

R. E. PEIERLS 
Department of Mathematical Physics, 
The University, 


Birmingham. 








1688. In writing I have moved through arithmetic, through plane geometry 
and algebra, and now I am in calculus. If they [the critics] don’t understand 
that, to hell with them.—Ernest Hemingway, quoted in Time, September 25, 
1950. [Per Mr. M. Hutton.] 

1689. [Fodorski’s] fondness for his class was growing wildly, in a sort of 
geometric progression, like any one of a dozen he could have developed to 
twenty digits in his head (i.e.3; 9; 81; 6,561; 43,046,721; etc.).—R. L. 
Taylor, Professor Fodorski (New York, 1950), p. 76. [Per Professor Harry M. 
Gehman. ]} 
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MATHEMATICAL NOTES. si 

2258. A visual aid technique for area formule. ha 
It is not always easy to convince pupils by demonstration, as distinct from a pe 
formal proof, that two figures of differing shape can have the same area. One - 
method, for which a patent has been applied, of dealing with the problem on 
appears below. dy 
ju 
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Fia. 1. The area of a circle = zr’. 
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Fia. 3. Parallelograms on the same base and between the cut 
same parallels are equal in area. tior 

ex 
Two equal sized rectangular sheets of } inch thick clear perspex form the ae 
outside surfaces of the model. A third sheet, of the same material and of " 
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similar outside dimensions, has cut out of its central portion the two shapes 
whose areas are to be shown equal. If necessary the two shapes are connected 
by a narrow channel. The top and bottom sheets are then adhered to the 
two faces of the third so that all edges, both inside and out, are watertight. A 
small filling hole is drilled through one of the outer sheets, as far as the cut- 
away portion of the middle sheet, and a suitably coloured liquid (water with a 
dye as colouring will do) is poured through the hole into one of the shapes so as 
just to fill it. A stopper is then inserted over the hole, and the apparatus 
completed by engraving suitable lines and symbols in black. 

By tilting the “‘ sandwich ” into different positions, the liquid can be made 
to fill first one figure and then the other, thereby enabling the appropriate area 
formula or theorem to be verified. 

The varying shapes which may be cut out of the centre sheet can be indi- 
cated by the examples in Figs. 1-4. 














thikétidddi siti 


Fic. 4. Reduction of a quadrilateral to a triangle of the same area. 








Needless to say, other types of perspex or materials may be used ‘for con- 
struction purposes. Anyone interested in purchasing this type of apparatus 
can obtain further details from the Gateway School, Leicester. 

R. H. Conus. 

2259. The use of felt for the manufacture of visual aids. 


Two reasons, much overlooked, for the infrequent use of visual aids in the 
teaching of mathematics are (a) the length of time required for their manu- 
facture compared with the brief space of time for which they are used in the 
classroom, and (b) the lack of adequate storing space for such apparatus, which 
must, obviously, be large enough to be seen by the “‘ back row’ boys. Often 
the choice of a suitable material eliminates these difficulties. 

It is a matter of common experience that a piece of wool will readily stick to 
a rough tweed jacket or any piece of woollen material. In the same way, quite 
large pieces of felt placed face to face will adhere. A piece of black felt large 
enough to cover a drawing board is used as a background ; and with the board 
vertical for display to the class, other pieces of brightly coloured felt are placed 
thereon. Once placed, these will neither fall nor slip and with their use the 
whole range of area properties may be demonstrated—triangle, parallelogram, 
trapezium, circle, Pythagoras, etc. 

With a circle of eight inches diameter, half of red and half of yellow felt, 
cut into fourteen equal sectors and two half-size sectors the usual demonstra- 
tion of the formula for area from knowledge of circumference is simple and 
expeditious. The tribulations of paper, paste and paint are avoided and a 
normally static demonstration becomes dynamic. 

The bright colours in which these felts can be obtained make them admir- 
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ably clear and easily seen. Preparation of the aids is speedy and with each 
set placed in a separate large labelled envelope, storage is easy. 

The following demonstration that a*— b?=(a+b)(a—6), simpler than the 
usual one and more easily understood, does not seem to be widely known. The 
cutting of the two pieces of felt takes only a few minutes. 
































R {a - b) Q 
P a Q s 
> 
+ 
a 
b 
s iR P 
' 
b : 
Fe cao e 
Area = a? — b? Area = (a + b) (a - b) 
The trapezium PQRS is turned over to be placed in the position shown in 
the second figure. T. F. Barrerssy. 


2260. Three geometrical mechanisms. 

1. A device for solving a sin x-b cos x=1. 

On a square base piece of cardboard, squared paper is pasted and a rotary 
arm of breadth 2 units is pivoted to it at O. A quarter circle with centre 0 
carries a protractor scale. 


90 80 90 ~=go 


























Fic. 1 


To solve the equation set the rotary arm so that its lower edge passes through 


P(a, b) and read «,; then rotate it so that its upper edge passes through P, fF 


and read a,. The solutions are a, and 180+ «,. 
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Proof : The equation of an edge of the rotary arm is 
xcosa+ysina=1 
where a= «a, — 90° (lower edge), and =a,+90° (upper). Hence since (a, b) is 
on the edge 
asin «,—bcos a,=1 


-—asin «,+6 cos a,=1. 


The figures show the casea=5,b=4. Tosolve allied forms 5 sinx+4cosz= I» 
5sinx+4cos x= — 1, put = 180° - 6, 180° + 8, etc. 

2. A linkage for the mechanical construction of regular n-gons. 

Euclidean geometry fails to construct the regular n-gon except in a few 
cases (n= 5, 6, 8, 12 e.g.) by special methods, and it also fails to construct an 
angle of 1°. The linkage here described (if sufficiently extended) constructs 
mechanically any regular n-gon by a uniform procedure, and since 140° and 
144° are among the products of that procedure, 4° is found and yields 1° 
by successive bisection. 





Fic. 2 


ABFG and BCHK are equal parallelograms made up of rods pivoted at the 
vertices and having sliding heads at D and E allowing free motion of D along 
AG and of # along BK. AB=BC=CD=DE. When AB is held fixed the 
linkage permits, by holding BK near E and then rotating about B, spiral 
movements by D and £, and since the parallelograms remain equal to one 
another during the motion, the trapezia ABCD and BCDE also remain 
symmetrical and equal to one another at all stages, thus ensuring equal angles 
for the n-gon ABCDE in all positions. When £ is made to coincide with A the 
square ABCD results. By adding a third parallelogram CDIM (not shown 
in the figure) and a fifth side HF a regular pentagon results by making F 
coincide with A. This process is extendable indefinitely in theory but in 
practice the extended linkage soon becomes cumbersome. 

It is clear, however, that, if A ABC is fixed, the completion of the n-gon 
is a matter of iteration, and it is easy to show that the 4-sided linkage suffices 
to construct all the n-gons up to n=10. For 2 DOA=90° for the 5-gon, 
LEOA=90° for the 7-gon, 2 HAB=60° for the 9-gon and 2 DAB = 36° for the 
10-gon. Hence by drawing lines AP, AQ, ... sothat 2 BAP = 36°, 2 BAQ = 45° 
LBAR=60°, .BAS=90°, BOY =90°, and by then rotating the linkage, 
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5 vertices of the n-gon are found by setting D on OY (5-gon), Z on AS (6-gon), 
E on OY (1-gon), D on AP (10-gon). 

3. A linkage for dividing an angle mechanically into any number of equal 
parts. 











Fic. 3 


Rods OP, OQ ... are pivoted so as to allow radial motion about O. Points 
B,C, ... on OP, OQ, ... are at a fixed distance from O, and equal kites PHBK, 
QKCL, ... having sides of fixed length c, move relatively to OP, OQ, ... by 
means of sliding heads at P, Q, ... and by pivoting at A, B, C, ... and H, K, L, 

A second set of equal kites OAHB, OBKC, ... is thus formed, and all the 
angles subtended at O by sides b are equal. The “ rods ”’ should be flat and of 
transparent material, and the pivoting should allow the linkage to collapse 
like an umbrella into folding position. 

To trisect a given 2X YZ: set O on Y and OA along YX, and move the 
linkage until K lies on YZ ; OH and OB then trisect X YZ. Similarly by using 
the extended linkage and adjusting until DZ lies on YZ we get XYZ quin- 
quesected. 

In the diagram A,, H,, K,, P, are the limiting positions of A, H, K, P when 
(keeping OB fixed) the linkage is fully extended. Hence the maximum 
trisectable angle is A,OK,. It may be proved that the general value of this 
angle is ' 


(i) 3 sin-! (b/a), when c>b and a>b; 
(ii) 270° when c>b and a<b; 
(iii) 3 tan-! c/{a + ./(b* - c*)}, when c< b. 
Also P,P,, the range of movement of P along OP, is 


in (i), a+6+c-— ./(c? — 6? + b*/a?) ; 

in (ii), a+b+c— ./(c? +a? —- 6?) ;5 

in (iii), b +c — /(b? —c?). 
Practical considerations are met best by (i) or (ii). 

The pivot pins at O, K, L, ... should allow quick release and replacement so 
that the section shown by dotted lines may be readily added to, or detached 
from, the trisector linkage. G. D. C. Stoxzs. 
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2261. On note 2117. 


Correspondents have pointed out how this note, about a triangle ABC 
right-angled at A, could have been much improved. 
Mr. Sillitto suggested that it should have been emphasised that, for such a 
triangle, s, s—a, s— 6, s—c are equal respectively to 7,, 7, 73, 72, 80 that 
A =a(s — a) =(8 - b) (8 —c) =rry=7273. 
Dr. Maxwell supplied a proof by pure geometry, which had eluded me. 








A' 


Duplicate the triangle ABC and complete the construction as in the figure. 


Then AIBL=ABIF=ABID. 

Also AICM=ACID. 

So AABC=BICAB+ ABID+ ACID 
= BLIMCAB, 


and hence is equal to the remainder of the rectangle ABA’C, which is rectangle 
ILA’M=IL.IM=FB.EC=(s-b)(s-—c)=BD. DC. 


Mr. R. E. Green arranges the argument thus : 
AIBD=AIBF=AIBL. 


Thus AIKD=ABKL. 
Similarly AIHD=ACHM. 
Thus rectangle JLA’M=ABA’C. 


or xy= SABC. C. O. TucKEyY. 
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2262, On note 2117. 


I think I can supply the geometrical proof for Mr. Tuckey’s result, that the 
area of a right-angled triangle is x.y (see diagrams for the meaning of these 


symbols). To this end I prove first the following theorem, which is in itself 


of some interest : 











Fic. 1 


In the right-angled triangle ABC (right angle at A, AB is the longer side) 
draw the perpendicular to the base through the centre of the in-circle. The 
distance between its intersections D and E with the base and the longer side 
respectively is equal to the sum DC + EA. 

In figure 1, let ND=y and draw NM parallel to DC. We have to prove that 
EA=EN. It will be sufficient to show that HAMN is similar to IPCD, since 
IP=ID. The corresponding angles in these two quadrilaterals being clearly 
equal, the theorem follows, if it can be shown that HA: IP=NM: DC. But 
this follows from the similarity of EAPI and MN DC (corresponding angles are 
equal and AP=PI=r, ND=DC=y). Hence EA=EN(=s, say). 
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Fic. 2 


We now transfer HACD into position E’A’BD’ (figure 2) and since by 
virtue of our theorem the little triangles QNE and QA’E’ are congruent, the 


whole area of the triangle A BC can be accommodated in the rectangle D’N DB,} 


which is Mr. Tuckey’s result. S. Vaspa. 
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2263. Vanishing pointes. 


A recent question on electricity in the Mathematical Tripos (1948, IV, 2) 
suggested to the writer the following problem : 


To find the maximum and minimum values of the function 





2ar 
u= 
(r§ + 2r‘a* cos 46 + a®)t 
on the curve a*+yt=at, 


where x=r cos 0, y=r sin 6. 
The equation of condition may be expressed in the alternative forms 


4a‘ 
r4‘— —____., 
3+ cos 40 
4 4 
cos 49 = ~84+—- 
r 


From the first form, we have 


a +s te? 
u* 3+4cos 40 s 
du 
so that = 0 when 
16 sin 40 P . 
(3+ cos 40)? 8 sin 46 — sin 46=0. 
Hence sin 49=0 
16 
“l (3 + cos rT 


The latter relation is easily proved ‘impossible, and so the maxima and 
minima of u occur when sin 49=0. Thus @=}kz, where kis an integer. The 


distinctive cases occur when 0=0, }7. When 0=0, r=a and u= 22 ; when 
6=4n, r=2a and u=28, 
Hence uw has minima ot at the points r=a, 0=0, 32, 7,...; and maxima 


gt at the points r= 22a, 0=}n, ia, .... 
On the other hand, substitution for cos 40 gives 





2ar 
a= 
(r° — 6a*ré + 9as)t 
_ _2ar 
(3a4 - rs) 
taking the positive square root inside the bracket ; thus = = 0 when 
2a 4ar* 


0. 





7 = 
(3a4 — rs)? (3a* - rt)? 
Hence 
3a4+r4=0. 


There are therefore no maxima or minima. 
Where have they gone? E. A. MAXWELL. 
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2264. On a school certificate question. 
From a recent school certificate algebra paper : 


‘** A cyclist travels on a certain journey at 8 miles per hour against a head | 


wind. On his return journey the wind is still blowing at the same rate, and 
his speed is 20 miles per hour. Calculate the speed of the wind.” 

At first sight, and without reflection, the young candidates may well have 
been tempted to give the answer as 6 m.p.h., and to regard the cyclist as 
always travelling at 14 m.p.h. relative to the moving air ; but consideration of 
what would happen if the head wind freshened to 15 m.p.h. should have 
warned them against this obvious trap. 

In the absence of explicit guidance the following assumptions seem reason- 
able: that frictional resistances can be neglected, that the air resistance is 
proportional to the square of the relative velocity, and that the cyclist works 
at a uniform rate. Then, if the speed of the wind is x m.p.h., the resistances in 
the two directions are in the ratio (8+ 2)? : (20-2)*, and we are led to the 
equation 

8(8 + x)? = 20(20 - a)’, 


whence x= $4(116 - 28,/10) =9-15. ... 


It would be interesting to know if this result was generally obtained. 
In general, if the cyclist’s actual speeds against and with the wind are wu and 
v, it will be found that (with these assumptions) his relative speeds in the two 
directions are ./v.(u+v)/(Ju+/v) and Ju. (u+v)/(/u+/v). In setting 
such a question, calculations are simplified if v/w is taken to be an exact 
square. Thus, if a cyclist is taken to travel at 4 m.p.h. against the wind and 
36 m.p.h. with the wind, the relative velocities are found to be 30 m.p.h. and 
10 m.p.h., and the speed of the wind to be exactly 26 m.p.h. 
R. V. H. ROSEVEARE. 


2265. Homographic chains. 


When introducing homographies at the sixth form level, it is usual to start 
from the general one-to-one relation arx’ + bx +ca’+d=0 (be#ad), in which 
the point P(x) of the x-axis ‘“‘ leads’ to P’(xz’). If P’ also leads to P, we show 
that b=c, and call the homography an involution. A natural query of the 
student is whether a chain of more than two points, P,P, ... P,,, can be found, 
in which P, leads to P,, P, to P3, etc., and finally P, back to P, again, and if 
so what relation holds between a, b, c, and d. 

In the ordinary development, assuming that a#0, we define the double 
points EZ, F as the roots of az? +(b+c)x+d=0, and the points I, J’ as the 
points x= -—c/a, x’= —b/a which correspond in the sets P, P’ respectively to 
the point at infinity in the other set. It can then be established algebraically 
(i) that {#PFP’} is constant and equal to HI/FI or FJ’/EJ’, with the obvious 
deduction that EI=J’F, and (ii) that IP .J’P’ is constant and equal to 
EI.EJ’ or FI. FJ’. 

It is then seen that, without loss of generality, we may take the midpoint of 
EF (or IJ’) as origin, and the coefficient of xx’ as unity, and write the relation 
as rz’-p(x-2’)-q=0. E, F are then the points — J/g, +/q:I, J’ are 
-p, +p: the constant value of {EPFP’} is (p—WJq)/(p+ <q): that of 
IP .J’P’ is q-p*. The case g< 0 provides an easy illustration of the use of 
complex numbers in work of this sort. 

To find the condition for a chain P,P, ... P,(n>2), we may begin with the 
identity 

{EP,FP,} .{EP,FP;} ... {EP,FP,=1. 

If the chain is homographic, the n cross-ratios are all equal, and therefore 

equal to cis (2r7/n). 
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p-\q_. 2rar Nq_l-cis(2ra/n)__ 
Thus ot ae a and . item” ¢ tan (rz/n). 





Hence g= — p* tan? (rz/n), and q — p*= — p? sec? (ra/n). 
The relation becomes 
aa’ — p(x - x’) + p* tan® (ra/n)=0, 
and IP .J’P’= - p* sec? (rz/n). 


It will be obvious (i) that the coefficients of the relation are rational only when 
n= 3, 4 or 6, and (ii) that for a ‘“‘ complete ” chain we must take r prime to n. 
For these three cases, putting p= 1 (a mere matter of scale) and r= 1, we have 


n=3:20-x2+2'+3=0:IP.J’P’= -4. 
n=4:227'-2+2'+1=0:IP.J’P’= -2. 
n=6:a2’-a2+2'+4=0:IP.J’P’= - 4/3. 
Typical chains are x=2, — 4, —5, 2, —},... 
s=2, 4, -—4, —3, 2, 4, ... 
zv=2, §,4, -}, -%, -i, 2, $.... 


If practice in the handling of surds is required, it is a tedious but salutary 
exercise to construct chains of 


8 (tan* 47=3 — 2,/2) or of 12 (tan? 127=7 — 4,/3). 
The plotting on the x-axis of a few such chains may lead the student to 
suspect that a simple geometrical proof of the relations can be found. 


K 








! Oo p' a Pp 


If a point K can be found on the y-axis, such that KP, KP’ are inclined at a 
constant angle rz/n, the problem is solved. If IO=OJ’=p, let OK= 
ptan (rz/n); then 


tan PKP’=tan (OKP - OKP’) 


a et AY 
~\~ 0K OR? 


_ (%-2’)p tan (rm/n) 
~ p® tan? (rm/n) + axa’’” 





and if we choose the relation 
xa’ + p* tan® (r2/n) = p(x — 2’) 


then 2 PKP’ is constant and equal to rz/n. This is the relation which was 
found analytically and incidentally provides the student with a neat geometri- 
cal method of plotting some chains of order higher than 6, if he wishes. 

R. V. H. RosEvEARE. 
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2266. Geometry of many dimensions. 

In his very entertaining article on ‘‘ The Geometry of Many Dimensions ” 
in the December (1949) issue of the Gazette, J. L. Synge says, “* In the unfamiliar 
territory of four dimensions we lack the friendly guiding hand of intuition.” 
This strikes the key-note of the idea he works up throughout this article, in 
which he implies that the geometry of space of more than three dimensions 
must necessarily be something removed from the geometry of three-dimen- 
sional space. I should like, if I may, to make a special plea for four-dimensional 
space. This does not affect the main contention in the article ; if my point be 
admitted, it only puts off the indirect approach necessary for one more 
dimension ; but I have been accustomed for so many years to attach a reality 
to four-dimensional geometry that I cannot relinquish this position without a 
struggle. This reality is associated with an idea which is so old with me that] 
cannot say from whence it was derived, but at the same time I do not think it 
has been widely used, and so I should like, if I may, to develop it a little. 

It is the common practice of cartographers to map a two-dimensional surface 
in three dimensions on a plane by using colour to represent heights above a 
standard level. Their system is of little use in Mathematics, as they are con- 
tent to use a colour to represent a wide range of heights. But if instead of 
using these definite contrasting colours a system is employed in which each 
colour merges into the next, it is possible to imagine the variations of height to 
be completely represented on the plane. The obvious choice for the graded 
colour system will be the spectrum of pure white light; and while the 
eye may not be sensitive enough to appreciate it, the imagination will 
allow that there is continuous change from colour to colour throughout the 
range, and hence in theory any height can be represented uniquely by its 
appropriate colour. Geometrical surfaces could thus be represented on a plane. 
Moreover we are familiar with the idea of two colours mixing to form another 
colour, so that two points on the same normal to the plane can be adequately 
shown in this way. For example, we might have a circle with a green rim, with 
the colours varying through greens and purples to the centre, but always in 
concentric rings, representing a sphere on a plane. 

This system of mapping three-dimensional space on two-dimensional space 
is obviously only of theoretical interest. It is of no value from the practical 
point of view. But it suggests immediately that in exactly the same way four- 
dimensional space can be mapped on our three-dimensional space, and that 
this map can be used practically to test some of the results enunciated for four- 
dimensional space. I should like to do this for some of results suggested in the 
article. 

The four-dimensional box will be represented in three-dimensional space 
by a white three-dimensional box (i.e. with white faces), every point inside of 
which is some purple colour, really bi-tinted with the tints from the extreme 
ends of the spectrum. Theory tells us that this should have 16 corners, 32 
edges, 24 plane faces and 8 solid faces. (The number of r-dimensional 
boundaries of the m-dimensional cuboid is the coefficient of n’ in the expansion 
of (~+2)™.) Let us look for the 16 corners. The three-dimensional box has 
8 corners ; in the map each will be coloured white, representing a line normal to 
the reference space, and each extreme colour will represent a true corner of the 
four-dimensional box; this gives the 16 required. Now for the 32 edges. 
We have already found 8, represented by the white points of the map-box; 
this map-box has also 12 white edges, and the extreme tints each represent 
true edges, giving the other 24 to make the required 32. Of the 24 plane faces, 
12 are mapped as white edges, while the extreme tints on each of the six face 
of the map-box account for the other 12. Finally the eight solid faces appeat 
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on the map as six white plane faces, and the box itself in the two extreme 
tints. It is worth noticing in passing that this method of counting the various 
faces helps to confirm the general formula for their number. 

Passing now to the four-dimensional sphere, it can be defined as the locus of 
a point which moves so that its distance from a fixed point is constant. To 
implement this definition it is only necessary to establish that distances on the 
map between points bearing the same tint are equal to the corresponding 
distances in four dimensions, whereas if the points are represented with 
different tints an auxiliary diagram can determine the actual distances 
represented ; in this the map-distance is laid out horizontally, and the distance 
represented by the colour difference vertically ; the actual distance will be the 
hypotenuse of the triangle so formed. The map of the four-dimensional 
sphere will clearly be a sphere, green-shelled with internal points bi-tinted in 
concentric colour-spheres, their colour showing continuous variation. The 
connectedness of this four-dimensional sphere is easily demonstrable. 

The two four-dimensional figures discussed can both be understood to divide 
their space into two parts, an inside and an outside, though in a rather 
different way. It must be obvious that any point shown on the map as inside 
the box, with some colour between the extremes, represents a point inside the 
four-dimensional box, while a point shown on the map outside the box, or 
inside with an infra-red or ultra-violet colour, must be outside the four- 
dimensional box. In the case of the sphere we cannot generalise so freely. 
The points of interest are those shown on the map inside the green sphere. 
There will be two tints associated with such a point, mapping points on the 
four-dimensional sphere. Ifthe colour of the point in question is between these 
two on the spectrum, this point is inside the sphere ; but if it is not between 
the two, the point is outside. It can readily be understood that to pass from 
any point inside the four-dimensional sphere to any other such point is possible 
without crossing the sphere, whereas any path from a point outside to one 
inside must cross the sphere. 

Such an idea as this is only worth considering if it can claim to be useful. 
Speaking personally I can say that for the past twenty years I have found it 
so; whenever I meet a problem in four dimensions I apply it, and frequently 
with success. The most recent occasion I have had for using it is in connection 
with the problem of counting the number of lines which can be drawn in a 
framework consisting of n™ cells in m dimensions—the problem arose in 
connection with higher-dimensional Noughts and Crosses. The number of 
such lines can easily be shown by a geometrical argument to be }{(n + 2)™—n™}, 
but I should have been rather doubtful of the result if I had not been able to 
verify it in four-dimensional space as well as on the plane and in the solid. 

In conclusion I should like to add that having moved from three dimensions 
to four without sacrificing the primitive ideas of Geometry, one feels less ready 
to sacrifice them in further steps, even though no similar picture can be given 
for the higher-dimensional space. It becomes, in fact, a vital necessity that 
any three-dimensional section of any space should be identifiable as the space 
of ordinary Geometry. Norman H. Smita. 


2267. On the decimal for rm. 

In Note 2091, Vol. XX XIII, December 1949, Mr. F. Bukovszky expresses 
surprise at the frequency distribution of the digits in the first 700 decimals of 
Shank’s value of 7, namely : 

Digit eo©§SsS &eeHt ee FT 8 
Frequency 73 77 74 72 71 63 70 51 71 78 


His remarks imply that the value of z is simply normal in the scale of 10, ¢.e. 
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that each digit occurs with a frequency proportion that tends to 1/10 as the 
number of digits increases. 

It is interesting to consider whether the above distribution would be thought 
unusual had it been obtained as a sample of 700 digits from a table of random 
numbers. Applying the statistical x?-test to this distribution, with 70 as the 
expected frequency of each of the digits, we find that x= 7-91. The tables of 
x? show that, for 9 degrees of freedom, the probability of this value being 
exceeded in a random sample is about 0-55 and there is therefore nothing 
exceptional about the distribution as a random sample of digits; greater 
discrepancies could well arise by chance in the selection of digits from a 
universe in which each digit has an equal probability of selection. The 
observed frequency of the digit 7 is certainly the lowest of the frequencies, 
but it is not low enough to demand special explanation. 

Though the decimal series of 7, even with Shanks’s mistake, could hardly 
be called a series of random digits, it is difficult to accept that the low fre- 
quency of the digit 7 is explained by the fact that Shanks made an error 
without further information about the error. 

The reply to de Morgan’s remark seems to be that ‘‘ the unfairness [to the 
digit 7] which is incredible as an accident ”’ is perhaps not so incredible after 
all. B. C. B. 


2268. On expressing a number as the sum of distinct aliquot parts of another 
number. 


The problem of this note is a fairly familiar one even to the elementary 
school pupils who do problems on “ Practice’. In the report on The Teaching 
of Arithmetic in Schools prepared for the Mathematical Association (1933) it is 
said that the method of “ practice”’’ leaves something to the individual 
intelligence and is not therefore easily made mechanical. It is also added that 
‘*‘ unless there is preliminary drill in the choosing of aliquot parts, the duller 
boy increases his chance of error by choosing too many parts’”’. On page 22, 
of this report a ‘‘ practice ” sum is worked, but the aliquot parts used are not 
the least possible.* In this note a mechanical method for choosing the least 
number of aliquot parts will be described. It must, however, be described at 
the outset that any integer “a” cannot be expressed as the sum of distinct 
aliquot parts of another integer ““b”. For example, neither 4 nor 9 can be 
expressed as the sum of distinct aliquot parts of 10 which are 1, 2 and 5. But 
any number less than 12, which is not a factor of 12 can be expressed as the 
sum of distinct aliquot parts of 12. Thus 

§=14+4=24+3, 7=1+6=3+4, 8=2+6, 9=3+6, 10=4+6, 11=1+4+6. 
It is a pity that even Lagrange failed to notice the superiority of 12 to 10 in 
this respect. 

According to ‘A. K. Srinivasan ¢ a number “ N ”’ is called a “‘ Practical- 
number ”’ if every number less than ‘“‘ N ” other than a factor of ‘‘ N ” admits 
of partition into unequal parts all of which are factors of “‘N”’. This name 
is justified by the fact that the numbers occurring in the much-condemned 
tables of money, weights, lengths, areas, volumes etc., not belonging to the 
metric system possess the property ; for example, 4, 12, 16, 20, 28, 40, 220, 
240, 640, 960 and 1728. The structure of these numbers has been recently 
studied in an unpublished paper ¢ by Messrs. A. A. Krishnaswami Ayyangar 
and A. K. Srinivasan from which the following extract is taken. 

* The least number of aliquot parts is obtained as 10s., 6s. 8d., 1}d. according to 
the rule prescribed at the end of this note. 

+ Curr. Sci., June 1948, 17, 179-80. 

t This paper is contributed to The International Congress of Mathematicians, 
August-September 1950. 
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The necessary and sufficient conditions that 
25° P 1" _% ... Dyn (2< P< Pr<...< Py), 
Py P2 ++» Py being odd primes, is a practical number, are 
Pi S14+ 0(2.%p,%1... p,m), t=1, 2,...0. 


where o(N) stands for the sum of all divisors of ‘‘ N ” including 1 and N ; 
and a, @,... %, are positive integers. Further 2,* is a practical number ; 
every practical number is a multiple of 4 or 6; and any integer less than 
¢(2)%p,%1 ... P,"—) can also be expressed as the sum of distinct aliquot parts of 


29% P1%1 «2+ Dyn. 


Hence an integer ‘‘ a’ can be expressed as the sum of distinct aliquot parts 
of another integer ‘‘ b”’ only when “‘ b ” is a practical number and ‘“‘ a ”’< a(b). 
We now proceed to the mechanical process of partition of “‘ a ’’ into distinct 
aliquot parts of ““b”’. It is best explained by the following examples. 
Illustration : 100 is a practical number since 100 = 2? x 5? and 


5< 1+ o(2%)=1+4+(14+242%)=8. o(100)=(1+ 2+ 2*)(1+5+5%)=217. 


Hence all positive integers less than 217 can be expressed as the sum of 
distinct aliquot parts of 100. 
_ The sequence of the factors of 100 arranged in increasing order of magnitude 
is 
1, 2, 4, 5, 10, 20, 25, 50 and 100. 


which are just the terms obtained when the brackets are removed in the 
expression for o(100) given above. 

To express any number, say 179, as the sum of distinct factors of 100, we 
have only to subtract from 179 successively the numbers of the above sequence 
starting from the highest that can be taken away from the given number and 
the successive remainders after the subtractions are made and the process is 
continued until the final remainder is zero. Thus we subtract from 179 
successively 100, 50, 25, and 4 and hence 179= 100 + 50+ 25+ 4. 

Again similarly 69=50+10+5+4; 44=25410+5+4. 

The sequence of factors possesses the remarkable property that any integer 
between any two consecutive terms of the sequence can be expressed only as 
the sum of aliquot parts less than the greater of these two terms for obvious 
reasons. It is this property that makes the partition in question possible. 

The method we have given here is a natural one and leads to the least 
numbers of aliquot parts or factors. 

The general rule for expressing ‘‘ a” as the sum of aliquot parts of “b” 
may now be enunciated : 

Write down the sequence (1, bo, b, ... b,, 6) of divisors of ‘‘ b”’ in ascending 
order of magnitude starting from 1 and ending in “b”. Subtract from “a” 
the highest numbers of the above sequence, by (b,, b;, b,, bj, ...) without 
repetitions (i>j>k>1...) just below {a,a-b,,a-6;—b;,a—b;—b;—b,...} 
respectively, until finally the remainder is 0. 

Then a=b,+b;+b,+b,+.... A. K. Saroga. 


2269. A physical problem and a recurrence formula. 

A physical problem came to my notice recently which needed a recurrence 
formula for its solution. It may be of interest to readers: I have altered the 
physical context in order to save space. 

Light falls normally on a series of n parallel sheets, each of which is assumed 

D 








50 THE MATHEMATICAL GAZETTE 


to reflect half and to transmit half of the energy falling upon it. What 
fraction of the light is reflected by the set? 

Computation for simple cases by series suggests the formula R,=n/(n +1), 
but it seems impossible to generalise this method. The proof by recurrence is 
as follows. 

Half is reflected at once. The remainder penetrates further, and of it an 
amount R,,- 4 eventually emerges upwards. Thus, of “ new” light leaving 
the uppermost for lower sheets a fraction 2R,,—- 1 emerges later. This is the 
lemma on which the proof depends, and it is true for 2 or more sheets. 

An amount 1 - R,, is transmitted. Let us add another plate at the bottom. 
Then 3(1-,,) passes out at once. An equal amount is fed back as “ new” 
light into the pile of n+ 1 plates. Thus by the lemma a fraction 2R,,,, - 1 of 
this finally goes out downwards. Thus the total emerging downwards is 


4(1-R,) + 4(1 - Ry) (2Raga - 1) =Rayi(l -B,)- 
But this is 1- R,,,. From this we get 
Ryyi=1(2-R,)- 
This is true forn>1. Clearly R,=}4, and hence 
R,=n|(n+ 1). 


The form of the recurrence equation and its solution are made clearer if we use 
the fraction transmitted, 7. Clearly R,=1-T',, and the relation become 


1/T441-1/T,=1 


of which the general solution is T,,=1/(n+k), and here k= 1. 

The physics of the problem suggests a development, namely, absorption of 
light in the material between the sheets, which has some interesting mathe- 
matical features in its solution. 

Suppose the sheets are equidistant, and that light passing from one sheet 
to another is reduced in intensity to a fraction A. Then it is required to find 
R,, and T',, the fractions of incident light reflected and transmitted by the 
system of n semi-reflecting sheets separated by n—- 1 slabs of the absorbent 
medium. Clearly R,,+1-T,, in thiscase. We still have our reflection lemma, 
namely, that of light leaving an outermost sheet for the first time in the in- 
ward direction a fraction (2R,,— 1) later emerges on the same side. We also 
have a transmission lemma ; that of such light a fraction 27’, finally emerge 
on the opposite side of the system. 

The solution then proceeds as follows. Add a further slab of medium and 
semi-reflecting sheet. The light reaching this sheet is AT’,. Of this, half goe 
out at once and half is fed in again. Of the latter a fraction (2R,,,,— 1) finally 
emerges on the lower side, that is, AT’,R,,,, in all. Hence 


D541 = AT gReg.as f0F WP 1.:...ccrcccecccscsevccscevescees (i) 

Applying the transmission lemma to the amount fed back we have a retum 
transmission of A7',7',,,, 80 that 

Rog Regt AT T9419 [08 NB. ..crccccccecegecooesecoesss (ii) 
These equations together with the conditions R,=7', =} suffice to determine 
all the values of R and 7'; for example, from (i) we have AR,= 27’, and from 
(ii) 2R,=AT,+ 1, whence 

T,=AdA/(4—- A*), Rz=2/(4- A*), 
and so on. 
For a general solution, eliminate R from (ii) by means of (i) : 


Pall yn * all ans = MIT ny 
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Writing u,,=1/T,,, we get 


en = Bi aS RIA y, cence vcvesesccsostvnssinssespesese (iii) 
with u,=2, uz=(4—-A*)/A. Further, writing u, = Av, we have 
Wg a Ae 4 = By encewevasinwwensieceeveedcasamseecaceed (iv) 


with v, = 2/A, vg= (4 — A*)/A?. 
This suggests, wrongly, that the solution with absorption is obtainable from 
the solution without absorption. 
The solution of (iii) for the case A=1, that is, u,=n+1, depends on the 
special initial values u,=2 and u,=3. 
The general solution of (iv) may be made to depend on one or other of the 
identities 
sin? nx —sin (n+ 1)« sin (n - 1)a=sin? a, 
sh? na —sh (n+ 1) sh (n- 1)a=sh? «, 


so that if v,, is either sin na/sin « or sh na/sh « it satisfies (iv) for arbitrary « ; 
more generally, v, could be sh (n+k)«/sh «, with k any constant. With two 
arbitrary constants we have the full solution, the circular or hyperbolic 
function being chosen to give a real solution in accord with given u, and wg. 
(The special solution v,=n+1 for A=1, v,=2,v,=3 corresponds to k=1, 
a+0.] In our case, T,,>0 as n>. Thus v,>2 and the hyperbolic form is 
demanded. To find k and «, consider 
sh 2a/sh «=2 ch a, 
sh 3a/sh e=3+4sh*«x=4 ch%a —- 1. 
Thus writing ch «=1/A, we have 
v,=8h 2a/sh «, v,=sh 3a/sh a. 
Thus a solution is 
0, =8h (n+ 1)a/sh «, 
and « is real since 1/A>1. Thence 
U,=Ash (n+ 1)a/sh «= 2 sh (n+ 1)«/sh 2a, 
for n>1, and finally 


sh 2« 
\e“Sains Ge’ for n>1, Cece rcececceeeeereececees (v) 
and from (i) 
sh na ch a th na 





m= chimd dan thnarth a’ "Be cesses (vi) 


The limits as n tends to infinity are 
T,, =0, as without absorption, 
but R, =1/(1+ th «)=1/{1+ V(1— A?*)}. A. J. MOAKEs. 


2270. The Cartesian oval. 

The properties of the cartesian oval can be investigated simply without the 
use of cartesian coordinates. The curve is defined as the locus of a point in a 
plane whose distances r, and r, from two fixed points A and B in the plane are 
connected by a linear relation. We call the line through A and B the initial 
line and its positive direction that from A towards B. Thus AB=c>0. If C 
is any other point on the initial line and BCO=a, CA=b, then 


a+b+c=0 
and Or? + bra + C14? + GDC=1, ...ccrercvcccccvccevcscescsess (i) 











52 THE MATHEMATICAL GAZETTE 


where 7,, 7, 7, are the distances of any point P in the plane from A, B,C. This 
is sometimes called Stewart’s theorem and is a simple generalisation of the 
median theorem of Apollonius. 


The cartesian oval i ROE sickaccecntcnsauacesvasesiasmousensews (ii) 
is said to have a focus at A and one at B, on the analogy of the ellipse which 
arises when k= -1, g>c, and the hyperbolic branch which arises when 
k=1, q*<c*. It can be shown that in general the oval has a third focus C, for 
by substituting for r, from (ii) in (i), a, and hence b= - (ec +a), may be chosen 
so that r; is a linear function of r,. This is so when 

SS GGP = OU BE wcciceicnrn sci sadcnvesonsnsncassevs (iii) 
and then r,*=(k’r.+q’)?, 
where k’=qle, q'=—-ak. 


Thus the oval (ii) may be generated with B and C as foci from one of the 
relations +7,=k’r,+4q’. 

Returning to the equation (ii) it is obvious that, given k? and q?, there are 
four relations r,= +kr,ig. Given c, the distance from A to B, it will be 
ar that at most two of these relations give ovals, for the inequalities 

20,7220, r1+72>¢ and (r, —r,)* <c? must all hold for r,, 7, to give a point. 
The pair of ovals with the same k? and q* we call conjugate ovals. The 
exceptions to ovals occurring in conjugate pairs arise when k?= 1 or when k or 
q=0, when we get circles. In what follows we exclude these cases. It will be 
found that one focus is outside and the other two are inside each of a conjugate 
pair of ovals. 

If the angle from the positive direction of the initial line to BP is @,, then 
for points on the oval (ii) the cosine formula gives 


(krg+q)?=17,7 +c? + 2 cr, cos 0, 
and it appears that the polar equation of the oval with B as pole is 
r?(k? — 1) — 2r(c cos 8 — kg) +g? —c?=0. .......cceeeeeeeeeees (iv) 


This is true in the sense that if r, 6 (where r >0) are the coordinates of a point 
on the oval (ii) then r, @ satisfy equation (iv) but the converse is not necessarily 
true. Thus if c=4 and r,=2r,-7, the polar equation (with B as pole) 


~ 4r(2 cos 6 +7) +33=0 


gives both the ovals +r,=2r,—7 and shows that they are inverse with regard 
to B, the radius of inversion being /11. If the angle from the initial line to 
AP is 4,, then 

(r, + 7)? =4(r,? + 16 — 8r, cos 0,) 
and 3r? — 2r(16 cos 0+ 7)+15=0 


is the polar equation (with A as pole) of r,=2r,—7 alone.* This shows that A 
is a 7-point, in the language of Mr. Rosenbaum’s article (Gazette, No. 306, p. 
273); that is, the constant rectangle property holds for secants from A. 

Each pair of conjugate ovals has one external focus with regard to which each 
is its own inverse, and two internal foci with regard to which each is the inverse 
of the other, the square of the radius of inversion in the case of the middle focus 
being negative. 

An interesting particular case is the pair of ovals +r, = 2r, — 8 which together 


* The polar equation of -r, =2r, -7 is 3r? — 27(16 cos 0 —7) +15 =0. 
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constitute a limagon. Here A and C coincide at the singular point and B is a 
m-point for the limacon. 

Since r,=kr, + q, dr,/ds = kdr,/ds, so that if T is a point on the tangent at P, 
cos APT'=k cos BPT, where these are signed angles, the angles from PA to 
PT and from PB to PT. We thus have a simple construction for the tangent 
at P. Take points X and Y on PA and PB respectively such that PX : PY= 
1: k, the positive directions of measurement from P being towards A and B 
respectively. Then XY is parallel to the normal at P. 

We can now prove that if two trifocal ovals intersect, they cut orthogonally. 
If their equations are 


ne eC | een (v) 
and they have the same third focus, then from (iii) 


(c® — g*)/(K* — 1) = (c* — Q*)/(K®—1)......cssceccesssceeesees (vi) 


If they intersect at P and i, j are unit vectors along PA and PB, since 
XY = PY - PX the directions of the normals at P are kj -iand Kj-i. These 
are perpendicular provided their scalar product vanishes, that is, if 


kK +1-(k+K) cos APB=0. 
This is true, for from (v) and (vi) 
{c* — (r, — kr)*}(K* — 1) ={c* — (r, — Kr,)*}(k* - 1) 
and it follows that 
(KK + 1)/(k+ K) =(r,2+7,? -— c*)/2ryr, 
=cos APB. 


I am much indebted to my colleague Mr. A. P. Rollett for stimulating this 
investigation. No originality is claimed for the results. 

R. C. LynEss. 

2271. On a property of circles. 

We shall establish the following 

Theorem A: If a finite number of points A, B, C, ... in the plane have the 
property that every circle passing through A and two of the other points always 
passes through a third, then all the points lie on a circle. 

A straight line is to be taken as a special case of a circle. If every line 
through two of the points B, C, ... passes through A, all the points are 
obviously collinear. 

The example of all the points in the plane shows that the restriction that the 
number of points shall be finite is not superfluous. 

This theorem is a consequence of the following theorem due to T. Gallai :* 

If a finite number of points in the Euclidean plane are such that every line 
passing through two of them always passes through a third, then the points are all 
collinear. 

To prove Theorem A from Gallai’s Theorem, invert the plane with respect 
to A. The circles through A invert into straight lines and the points B, C, ... 
invert into the points b, c, ... which have the property that a straight line 
through any two of them passes through a third. Hence the points }, ¢, ... are 
all collinear by Gallai’s Theorem, consequently the points B, C, ... all lie ona 
circle and this circle must pass through A. 

It would be interesting to have a direct proof without using Gallai’s Theorem. 

A weaker variation of Theorem A is the following : 

Theorem B: If a finite number of points in the plane have the property that 


*See American Mathematical Monthly, LI, p. 170, 1944, Solution to Problem 4065 
proposed by P. Erdés. Gallai =Griimwald. 
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every circle passing through any three of them always passes through a fourth, 
then all the points lie on a circle. 

This is an immediate consequence of Theorem A. I cannot even find an 
independent proof of Theorem B. G. A. Dirac, 


2272. Robin’s theorem on impulses. 


This theorem as given in Ramsey’s Dynamics (Vol. IT) is as follows: Given 
a dynamical system in motion, let m, be the mass of a typical particle and vy, 
its velocity. Frictionless constraints are suddenly imposed and, at the same 
time, impulses F, are applied to the particles m,. Ifv,’ denotes the velocity of 
the particle m, immediately afterwards, these velocities are such as to give a 
stationary value to the expression 


42m, (v,—-Vv,’)?+ 2 (F,, ¥,—V,)- 


The purpose of this note is to point out that this expression is in fact a 
minimum, and to indicate the proof when we use the Lagrange transformation 
to the configuration space q,, da, --- »Qn- (Here we are concerned only with the 
euclidean tangent space at the point which represents the configuration at the 
instant under consideration, and the quadratic form by which the kinetic 
energy is expressed enables us to define covariance and contravariance). 

The constraints are expressed by linear equations of the form 


a Os ye Coron cccisiicesserscscossacsccensss (i) 
where 8q=(5q;, .-- » 5g,) is a virtual displacement of the point q,, ds, ..- + J, 
and a=(d,, a2, ... ,@,) and b=(b,, bg, ... , b,,) are covariant representations of 


the constraint vectors, which span the constraint space. The fact that the 
constraints are frictionless is expressed by the equations 


I, ,  sxcienetincicncceisennd (ii) 


that is, that the velocity after the impulse is perpendicular to the constraint 
space. 
The equation of impulse, using the method of undetermined multipliers, is 


WE ABOU ccsesssestenssccntscnviaseorces (iii) 


where p=(07'/04,,... , 07/89,) is the momentum before impulse, p’ the 
momentum after impulse, and P is the applied impulse. The vector p gives 
the covariant representation of the velocity of the representative point in 
configuration space, and the equation (iii) signifies that this velocity after 
impulse is the projection of p+P parallel to the constraint space, and the 
conditions (ii) show that this projection is on the space perpendicular to the 
constraint space. The effect of the constraints is in fact to annihilate the 
resolved part of the velocity on the plane spanned by the vectors a and b (which 
may be assumed to be perpendicular without loss of generality). 

A motion of the system compatible with the constraints already introduced 
is only obtainable by adding further frictionless constraints. Let ¢ be the new 
constraint vector thus introduced. It may be assumed to be perpendicular 
to a and b. In fact we may choose an orthogonal coordinate frame along 
a, b,c, ... , k so that 


p?=p,°+Pp)*+..-+p,* (p?=27). 
The space totally perpendicular to [ab] is spanned by [ed ... k] and the space 
totally perpendicular to [abe] is [de ... k]. It is evident that the introduction 
of the new constraint ¢ decreases the energy. 


Suppose now that OA represents p and AB represent P. Let ON represent 
the projection of OB on the space perpendicular to the constraint space [ab], 
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(which is represented, for clarity, in the figure by a one-dimensional space Oz). 
Then BN? is a minimum : it is smaller, for example, than BM? which would be 
obtained by introducing the constraint vector ¢ along Oz. 
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Oz represents the constraint space [ab]. 
Now AN = (p - p’) = 2m(v, - v,’); 
this is what we have called the Lagrange transformation, and 
BN? = (BA+ AN)?=BA?+ AN*+ 2(BA, AN) 
=P*+ Ym(v,—-v,’)?- 2(P, AN). 


But the applied impulses P are given. 
Thus Zm(v,-v,’)* — 2(P, AN) is a minimum. 
But PN =p’ - p. 
Therefore 4Zm(v,-v,’)?+ Z(F,, V,-V,) is @ minimum. 
A. M. WEsTON and E. V. WHITFIELD. 


2273. Two applications of the product of rotations. 


The product of geometrical transformations and its immediate properties 
enable us to find some proofs of geometrical theorems which notably shine 
because of elegance and brevity. In spite of the limitation to the most 
elementary transformations, for instance movements and inversions, we can 
mention as the commonest the proof of Menelaus’ theorem by the product of 
three homotheties and the solution of Castillon’s problem making use of the 
product of n inversions. The purpose of this note is to expound two applica- 
tions of the product of rotations which we think unknown. 

The product of an arbitrary number of rotations about points of a plane is 
generally another rotation, in particular cases a translation and for exception 
the identical transformation. The last two cases occur when the sum of all 
the angles of rotation is a multiple of 27 and differ by the set of double points 
which is formed by the points of the line at infinity and by all the points of the 
plane according as translation or identity is treated of. Now, let us take any 
triangle ABC and let 0,4, Op, Og be the centres of equilateral triangles described 
externally on the sides BC, CA, AB. The three rotations about O04, On, Oc, 
with angles of $7 and opposite sense to the circulation ABC of the triangle, 
give as product the identity, since the first rotation transforms the angular 
point B into C, the second changes C into A and by the third A comes back to 
B, and therefore B is a double point of that product. The product of the 
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rotations about O, and Op; is then the inverse rotation of that about Og and the 
centre of that product must coincide with Og. But the centre of the product of 
the rotations about O, and Og forms with the centres O4 and Oz an equilateral 
triangle 0,0,0c¢, whose circulation sense is the same of ABC, and we have 
obtained: The centres of the equilateral triangles externally (internally) de- 
scribed on the sides of any triangle are the vertices of an equilateral triangle. 

Let us also consider the figure defined by the centres O4 g, Ogc, Ocp; Opa of 
the squares externally described on the respective sides of the arbitrary quadri- 
lateral ABCD and the rotations about that point, with angles of 47 and 
opposite sense to ABCD, running over the quadrilateral. The product of the 








4 
I, 


Vv 
On4 


a 


four rotations, taken in the order in which the centres were mentioned, is the 
identity, since the sum of the rotation angles has the value 27 and the angular 
point A is a double point. The centre of symmetry, product of the two former 
rotations, must coincide therefore with that defined by the two latter. As the 


centre O of the product of two rotations with angles equal to ; forms with the 


centres of these an isosceles right-angled triangle, it follows (see the figure) 
O4n9=Ofc0, OcpO=Op4,0, LO4p0O0pc= LOgpOOp, = hn. 
Hence OspOcp=OpcOpa, L4(O4BOcp OBcOpa)=47 
and we obtain van Aubel’s theorem: The centres of squares described externally 


(internally) on the sides of any quadrilateral form a quadrilateral whose diagonals 
are perpendicular and equal in length. VICENTE INGLADA. 


2274. The Simson line and its envelope. 


The Simson line and its envelope were dealt with, in detail, by the late 
Professor Alfred Lodge, in an article in the Mathematical Gazette in 1933 
(Vol. XVII, p. 291), and by others in subsequent notes. My only reason for 
adding to these items is to give a simpler form of the equation to the Simson 
sy and aiso a very easy proof of the fact that PH is bisected by the Simson 
ine. 
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In the figure, 2 B is taken greater than 20; AOA, is the diameter of the 
circumcircle ; PL, perpendicular to BC, meets the circumcircle at Q; PF, 
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perpendicular to ADK, meets the circumcircle at R ; H is the orthocentre and 
N the nine-points centre. 

We know that the Simson line of P is parallel to AQ and perpendicular to 
AR (these facts can also be seen from the following work). 

Now 21=Z2 (corresponding angles 

= 23 (since PLCM is cyclic) 
= 24 (since PKAC is cyclic). 

Hence the triangles EDL, KFP are congruent, in this order. Hence 
ED=KF; but HD=KD. Hence, subtracting, HE=DF=LP. Thus EL 
bisects HP ; and this point will lie on the nine-points circle, since the nine- 
points circle and the circumcircle are homothetic for H. 

Now LELD=LFPK=LRAK=LZPAA,=«a, say. 

Also LOAD=LB- LC, and PK subtends an angle (B-C+z«) at the 
circumference of the circumcircle. 

Hence PK=2R sin (B-C+<2a). 

Hence DL=PK cos «=2R sin (B- C+) cos a, 

ED=PK sin «= 2R sin (B- C+) sin «. 
Thus taking DC and DA as axes of x and y, the equation to the Simson line is 
z/2 Rsin (B-C+.«) cosa+y/2 Rsin (B-C+.)sina=1, 
or zsin «+ y cos «=2R sin (B- C+) sin « cos « 
= }R{cos (B—C - «) -— cos (B—-C43a)}. ccc cecceceeseeeeeees (i) 
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Now the coordinates of the centre of the nine-points circle referred to the 
same axes are easily verified to be 42 sin (B-C),4Rcos(B-C). Transferring 
the equation of the Simson line to parallel axes through the nine-points centre, 
the equation becomes 


z sin a+y cos a= —4R cos (B— C+ 3a) =p, SAY. .....seeeeeeees (ii) 


Now, as in Professor Lodge’s article, differentiating and adding squares 
gives the (p, r) equation of the envelope as 


Fe io wocinascscecscccssccctucsedesoves (iii) 
Again, as f+ a=7, the (p, 4) equation to the envelope is 
P=tk cos (B —C — BP). ccserceccesscsccssccesccoseees (iv) 


The envelope is the well-known hypocycloid with three cusps, formed by a 
circle of radius }R rolling inside a circle of radius 3R, the point N being the 
centre of the hypocycloid. H. N. HasKE LL, 


CORRESPONDENCE. 


SCHOLARSHIP SYLLABUSES. 
To the Editor of the Mathematical Gazette. 


Dear Srr,—Though when pleading at the 1951 Annual Meeting for a 
published syllabus for scholarship papers I was careful to say I had in mind a 
syllabus ‘‘ not necessarily in great detail, but enough to serve as a guide to 
teachers without unduly tying down examiners ”’, I fear I did not stress this 
point enough, and the subsequent argument was somewhat at cross purposes, 
owing to apparently quite different ideas of what constitutes a detailed syllabus. 

I should myself be content with a syllabus less detailed than that which is 
still published with the annual reprint of Oxford University scholarship 
papers, and which Dr. Ferrar himself, as he told us later in the discussion, helped 
to draw up. This last fact was not mentioned in your report in the Septem- 
ber Gazette and I should be grateful if you would allow me to repair the omission 
now, for it gives a very different impression from that which a reader of your 
account would derive from the unqualified statement that Dr. Ferrar does not 
“* believe that a detailed syllabus is desirable ” and is “‘ altogether opposed to 
the idea of having one ”’. 

I am certain that some sort of syllabus, dealing at least with the vexed 
question of border-line topics, is needed, on the score both of fairness to the 
candidates and, still more, of ordinary efficiency in preparing them for their 
university course (it is not a question of training them like circus performers for 
the scholarship examination—there is just as much, or more, danger of 
‘** cramming ” without a syllabus). It is very encouraging to learn that the 
Oxford and Cambridge Joint Board is now proposing, for the first time, to 
issue a syllabus for their scholarship papers 

Yours, etc., 
Clifton College, Bristol. P. C. Unwin. 





1691. ‘‘ A Sea Symphony ”’ begins and ends as a song, and as a song it is 
huge. As a symphony it shrinks in dimensions, belittled by its musical and 
technical immaturities. What selfless outpouring of voice it demands! Every 
square inch of lung, every foot-pound of diaphragm pressure, will hardly 
suffice.—Hubert Foss, Ralph Vaughan Williams, p. 91. [Per Dr, W. M. 
Shepherd. ] 
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REVIEWS. 


Jacobian Elliptic Functions. By E.H. Nevitie. 2nd edition. Pp. xvi, 345. 
30s. 1951. (Oxford: Clarendon Press) 


The first edition of this important book was published in 1944, but, by a 
regrettable oversight, it was never reviewed in the Mathematical Gazette. In 
congratulating Professor Neville on the appearance of a second edition, we 
must also apologise for not doing honour to his work seven years ago. 

Forty years ago, everyone would have regarded the theory of the Jacobian 
elliptic functions as being part of the main body of mathematics which every 
student would always have to learn. Yet interest in the subject has lapsed ; 
and it is Professor Neville’s thesis that, not only are the reasons for this not 
hard to seek, but also that they are reasons which should not be allowed to 

rsist.* 

“ Briefly, the modern introduction of the classical functions is belated and 
unnatural, and in the complete absence of symmetry in the fundamental 
relations between the functions, every general principle is stifled by the 
multitude of special formulae to which its application gives rise.”” For example, 
a long list of the various forms of an addition theorem is to us ‘‘ depressing 
beyond words. We may admire the principles by which addition theorems 
are constructed, but we would as soon learn by heart a table of sines as bother 
about the details of such a mass of formulae. Worse. A collection like this 
does not involve a perpetual return to first principles, but is compiled from 
one or two of its members by transformations and combinations.... As a 
result, the most elementary algebra comes to masquerade as serious work on 
elliptic functions, and the subject falls into contempt.” With this criticism, 
all who have ever tried to teach the subject will agree heartily. Professor 
Neville’s aim is to try to persuade us “ that there is a natural line of approach 
to the Jacobian functions, and that the functional treatment, far from merely 
making use of arguments already played out in their Weierstrassian applica- 
tions, eliminates crude algebra from the theory ”’. 

We have first to learn a new notation “ which robs the multiplicity of 
formulae of almost all its terrors’. Starting with the Weierstrassian function 
9(z) with periods 2w,, 2w,, 2w, where wy+ wy + w,=0, Professor Neville intro- 
duces three elliptic functions fj z, gj z, hj z defined by 


Pj*z=(2)-P(wy) (p=f,9,h) 
and lim zpjz=1. 
z0 

Then pjz has a simple zero at w, and a simple pole of residue +1 at w, (a 
convenient symbol for zero) ; and its periods are 2w,, 4w,, 4w,. (These three 
functions correspond to csu, nsu, dsu in Glaisher’s notation.) From this 
fundamental triad, nine other elliptic functions are constructed ; a typical 
function is pq z, which has a simple zero at w,, a simple pole of residue + 1 at 
w and is, in fact, a multiple of pj z/qjz. The theory in terms of the functions 
pq z has an elegance and symmetry entirely lacking in the usual approach. 

The distribution of the values of pqz in a period parallelogram depends, 
apart from a constant factor, only on the shape of the parallelogram but not 
on its size or orientation. The lattice of period parallelograms is called 
Jacobian if its scale is chosen so as to make gj wy=1. The ordinary Jacobian 
— functions are merely Neville’s functions pqz defined on a Jacobian 

ttice. 


*The quotations which follow are from the address delivered by Professor 
Neville to the London Mathematical Society on 17 June, 1943 and published in 
Journal London Math. Soc., 18 (1943), 177-191. 
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It is on this basis that the theory is developed in the book under review. 
Evidently in a short notice one cannot do more than say that the treatment 
is as thorough and elegant as one would expect from the author. In par- 
ticular, we would draw attention to the careful discussion of the problem of 
inverting an elliptic integral. 

That a book published by the Clarendon Press is well-produced goes without 
saying. It is unfortunate that nowadays one has to be content with a repro- 
duction by photo-lithography from corrected sheets of the first edition. This 
prevents the author from making a thorough revision ; the only substantial 
change is an additional chapter on elliptic integrals of the third kind. More- 
over, although the standard of photo-lithographic reproduction is far higher 
than it was before the war, it is still not entirely satisfactory. There is inevit- 
ably a coarsening of the type. There is also an unevenness from page to 
page: the lighter parts of the letters sometimes disappear—occasionally 
parts of workings fade out (as, for example, the rules in formulae -507 and 
-508 on page 97). All this makes the first edition far more pleasant to read. 
So, in congratulating Professor Neville on the success of his book, we also 
hope that the day when it will attain the honour of a real third edition is not 
far off. E. T. Copson, 


The Farey Series of Order 1025. By E. H. Nevitite. Pp. xxix, 405. 105s. 
1950. Royal Society Mathematical Tables, I. .(Cambridge University Press) 

In 1816 a geologist, J. Farey, published, without any hint of a proof, a 
certain conjecture concerning rational numbers, not knowing that already in 
1802 C. Haros had actually published a proof of his conjecture. In all pro- 
bability Farey was quite unable to prove his proposition, and yet his name 
was immortalized in the Farey Series, one of the life lines of the additive 
theory of numbers. 

The Farey series of order n, denoted by f’,, is defined as the succession, in 
increasing order of magnitude, of all rational numbers r in the range 0 <r <1 
whose denominators do not exceed n. Thus Ff’, is the series 


0, 4, ;, t, +> 3, 3, 3, ;, i, 4, 4, 1. 


Farey’s conjecture, or rather Haros’ theorem, states that if a/b, a’/b’, a’’/b” 
are three successive members of F’,,, in their reduced form, then 


a’ _a+a” 
b’ — b rs b” * 
The series F’,, possesses a certain importance for engineers as giving all gear 
ratios which are possible with two cog wheels of at most n teeth each. Its 
interest for mathematicians derives from the use Hardy and Ramanujan 
made, in 1917, of /,, in their famous method for dealing with problems in the 
additive theory of numbers. It must, however, be stated that in this con- 
nection not the arithmetical details of individual series F,, are important, 
but only a certain asymptotic over-all regularity of F,, as n becomes large. 

In the volume under review Professor Neville has assembled the 319765 
terms of F'y925._ Although two members of the series F’,, which are the same 
number of terms away from the centre term 1/2 obviously add up to unity, 
the author has done well to print the whole series, thus reducing the labour 
of prospective users of the tables. By an ingenious arrangement of the 
entries this has only meant an increase of the length in the ratio 2 : 3 instead 
of the expected 1 : 2. 

Of the uses to which the tables can be put I should like to mention the 
following. 
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(i) We are given a positive number z in the range 0<2<1. Required is 
the best possible approximation to x by means of a rational number with a 
prescribed upper bound B for its denominator. If B<1025, then we proceed 
as follows. With the help of auxiliary tables included in the work, we can 
determine the interval between successive terms of F'39,, which contains the 
given number x. Then we read off all required approximations on either side 
of this interval, restricting our attention only to those entries in the tables 
whose denominators do not exceed B. 

(ii) A solution, in integers x and y, of the equation bx - ay=c is required, 
where a, b, c are given positive integers. It is clearly sufficient to consider 
the case c=1. Now a theorem of Haros states that for any pair of successive 
terms a/b, a’/b’ (both reduced) in F,, we have ba’ -ab’=1. Thus the following 
method presents itself, applicable if a< 1025, b<1025. Locate a/b in F905 
and call a’/b’ the successor of this number in F,9,,. Then =a’, y=b’ is a 
solution. By means of the so-called cascade method * a solution can also 
be found if one or both of the numbers a, b exceed 1025. The method is 
explained in the preface to the tables under review. 

The production of this volume cannot be overpraised. The Cambridge 
University Press is well up to its highest standard of printing, the arrange- 
ment of the pages is pleasing to the eye and seems to the reviewer to incor- 
porate all the latest anti-eyestrain devices. To anybody who is fond of 
numbers this book is sure to give many hours of delight. R. Rapo. 


The Origin of the Earthh By W. M. Smart. Pp. viii, 239, with 42 figs. 
and 8 plates. 12s. 6d. 1951. (Cambridge University Press) 

The publisher’s “ blurb ” claims for this book that “ it does for the reader 
uninstructed in the advancing position of science and theory, what Jeans did, 
as pioneer, twenty years ago”’. One may be forgiven for wondering whether 
the author himself regards this as a recommendation. For the impression 
that is left with the reader on putting the volume down is that here at last 
is a dispassionate account of the subject to date: one that will retain its 
value in another twenty years, whatever those decades may bring in new and 
revolutionary thought. As an admirable corrective to recent flights of cosmo- 
logical fancy, this book should be in the hands of everyone whose wonder 
about the beginnings of the solar system goes beyond idle curiosity. Here 
he will find no certainty, but equally no dogma; no brilliant speculation, 
but no prejudice either ; no flashes of intuition, but yet, thank Heaven, no 
extravagant pseudo-philosophy. 

Addressing himself as he does to those who have no astronomical know- 
ledge, Professor Smart must needs spend the first half of his book in outlining 
his problem. Here we have marshalled and presented in sober fashion those 
regularities amongst the planets which point so irresistibly to a common 
origin. And if the Earth’s parentage remains a mystery on p. 98, it is because 
the author has put all his cards on the table with a straightforwardness that 
wins our confidence at once: none remains concealed up his sleeve in an 
effort to establish a spurious certainty. 

Next the reader is led carefully through the history of those celebrated 
Victorian controversies on the age of the Earth between geologists, biologists, 
physicists and theologians. Substantial agreement between the first three on 
a date of origin some 3000 million years ago has now confirmed the fourth in 
abandoning the confident precision of Archbishop Ussher and his followers, 
who put the moment of Creation at 9 a.m. on 23rd October, 4004 B.c.; and 


*E. H. Neville, ‘‘The Structure of Farey series,” Proc. London Math. Soc., §1 
(1949), 134. 
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Prof. Smart can therefore lay down his chronological scale with some assur. 
ance. 

The remaining quarter of the book is devoted to the various theories that 
have been propounded to account for the formation of the planets. It is not 
the author’s fault that there are more current theories than there are major 
planets, nor that the mathematical physicists are adding to the number of 
hypotheses at a greater rate than the observers are extending the solar 
system. Indeed, one suspects that he mentions so scrupulously all the pos. 
sibilities with the deliberate intention of injecting a fitting scepticism about 
the validity of any one of them. If so, it is a very proper object for a man of 
science ; and if the reader must put down the book with no final solution in 
his mind, well, that is a faithful reflection of the present state of the subject, 
the New Cosmology notwithstanding. 

The book, as one would expect from the publisher’s imprint, is impeccably 
produced. It is a scholarly work selling at a price which would be low by 
any standard and which makes the book a positive bargain in 1951. A. H. 


General Homogeneous Coordinates in Space of Three Dimensions. By 
E. A. MAXWELL. Pp. 170. 16s. 1951. (Cambridge) 


This is a sequel to the author’s book on the corresponding plane geometry, 
which was reviewed in Gazette, XX XI, 58. It follows the same general plan. 
The point, line, plane, quadrics, generators, line-geometry and the twisted 
cubic are dealt with in six chapters. Chapter VII is concerned with Euclidean 
geometry, and Chapter VIII with the use of Matrices. There is no attempt to 
deal exhaustively with these subjects, and for that reason the book may prove 
particularly useful to young undergraduates who want a quick conspectus of 
solid geometry. The beginner may receive an unexpected jolt when he reads 
on p. 114 that he is expected to have had an introductory course of real 
cartesian solid geometry. Here, there is a real problem for the student or his 
teacher: to what extent can the old-fashioned metrical geometry be cut 
short or neglected? The author says enough to show that he does not want 
it to be done in old-fashioned detail ; and the student will have already faced 
the same questions for plane geometry. The reviewer feels that the change 
from old point-of-view to new ought to be a gradual transition in sixth forms, 
and not a sudden one on arrival at the university. Probably it remains for 
teachers to work out exactly how the transition should be achieved. A.R. 


A New Calculus. By A. W. Srppons, K. 8. SNELL and J. B. Moreay. 
Part I. Pp. 116. 5s. Part II. Pp. 258. 10s. 6d. 1951. (Cambridge 
University Press) 

The first part of this new Calculus is described by the authors as being “8 
preliminary course suitable for boys and girls in their elementary mathe- 
matics, especially for those who may go no further with the subject ”. After 
an introductory chapter on functions and graphs, the idea of a limit is 
developed quite simply, and chapters on differentiation and anti-differentia- 
tion, with numerous applications, follow. A brief account of the straight line 
and conics is given in a useful chapter on coordinate geometry, and by includ- 
ing the first two chapters of Part II, on Differentiation and Integration 4s 
summation, the authors have provided material for the brighter pupils to bite 
at, and have, incidentally, thereby covered the syllabus of the “ additional 
mathematics ”’ papers. 

The reviewer would like § 5-3 reworded. The inaccurate statements “ 2° is 
obtained by differentiating x*, x is obtained by differentiating x* ’’, etc., could 
be revised without loss of lucidity. But this is a minor point. Differential 
are not introduced either in Part I or Part IT. 
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The book is quite first-rate, and deserves wide circulation. Teachers who 
have not yet seen it are strongly advised to write for an inspection copy. 

‘* Part II gives a course which should be sufficient for the ordinary scientist 
and engineer at school, and takes the subject a step further for the mathe- 
matical specialist.”” The contents of this part are: Differentiation ; Integra- 
tion as summation ; Applications to Mechanics ; Trigonometrical functions ; 
Polar coordinates ; Integration by substitution; Exponential and loga- 
rithmic functions ; Differential equations ; Moments of inertia ; Numerical 
differentiation and integration ; Expansions ; Curve tracing. 

As in Part I, the ideas are attractively and lucidly presented, and the book 
should suit the scientist admirably. Whilst the mathematician should be 
able to work through it fairly quickly, he will find it profitable reading. Nor 
will he find any of the slip-shod methods sometimes served up to scientists 
and engineers for the sake of producing results. The authors make assump- 
tions here and there, but point out the fact on every occasion; they are 
obviously intent on the reader acquiring sound principles, and not merely a 
large collection of facts. 

The examples are very numerous, and among them will be found many 
applications of the calculus to scientific and engineering problems. 

A misprint appears in Ex. 7 on p. 2.44, where the text should read “ Let 


F=7Aa?|/{5(x? + a?)}2 ”, and on p. 2.100, line 1 should read ‘‘ Evaluate 
[ dx ” 
) J(a*¥-at) * 


The reviewer has no difficulty in giving this new calculus a strong recom- 
mendation, and awaits the publication of Part III with interest. 
R. WALKER. 


A University Algebra. By D. E. Lirrtzewoop. Pp. viii, 292. 21s. 1950. 
(Heinemann) : 

The first aim of this book is to cover the algebra needed for a university 
honours degree. A second aim is to give some account of the theory of S-func- 
tions and their applications in representation theory and invariant theory. 
Thus, while the first fourteen chapters are reasonably elementary, the last 
two are decidedly more difficult. The viewpoint of the book is “ classical ”’ 
rather than “abstract”; the general concepts of homomorphism, equi- 
valence relation and congruence (for example) are not treated explicitly. 
The proofs are in many cases illustrated on numerical examples. Moreover, 
the author is interested in computational questions, such as finding the 
quickest way of expressing one kind of symmetric function in terms of another, 
or of ‘‘ plethysing ”’ S-functions. 

The contents are as follows. Chapter I, linear equations and determinants : 
a novelty of the treatment is that alternating linear functions of vectors are 
introduced in the first few pages and determinants considered as a special 
case. II, matrix calculus ; III, quadratic forms: each of these chapters has 
a useful section on applications to coordinate geometry. IV, groups; V, VI, 
symmetric and alternating functions: the (rather complicated) theory of 
bi-alternants is done in some detail (in particular, Aitken’s theorem is proved). 
VII, the Cayley-Hamilton theorem, the ‘‘ 7'A7'-!”’ reduction, compound and 
induced matrices. VIII, elementary number theory. IX, ‘‘ The Laws of 
Algebra ”’, runs very quickly over the definitions of ring, field, etc., proving 
such facts as the existence of the quotient field of an integral domain. X deals 
(a) with the algebraic properties of algebraic extensions, and (b) with their 
arithmetical properties (ideals in an algebraic number field, the unique 
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factorisation theorem). XI, elimination, and practical solution of equations 
(Horner’s method, etc.) ; XII, Galois theory. XIII, invariants: the main 
theorem of the symbolic theory is proved for binary forms ; tensor methods 
of constructing concomitants are also considered in some detail. XIV, 
algebras : the structure theorems for simple and semi-simple algebras over a 
general field are proved (existence of a unit element is assumed). XV, group 
algebras: the orthogonal relations; the formula for the characters of the 
symmetric group; Young’s idempotents; the Littlewood-Richardson rule 
for the multiplication of S-functions. XVI, the representations of the full 
linear, and orthogonal, groups (including spin representations) ; applications 
to invariant theory. 

Though the book has a sound programme, it is very carelessly written. 
Essential conditions are omitted from the enunciations of theorems; far 
from obvious assertions are simply written down, as though no proof were 
required ; proofs are often obscure and condensed, and sometimes wrong ; 
and some of the statements are untrue. Here are some examples. (1) The 
axioms given for an (Archimedean) ordered integral domain (p. 145) do not 
ensure that the product of two positive elements is positive; e.g., they are 
satisfied for the field R,(z) (R, the rational field) when we define an order } 
by the rule: a+%b}c+7d if and only if a+b./2>c+d./2 (where > has its 
usual meaning). Likewise, the axioms for an algebra over a field (p. 224) do 
not ensure that subtraction is possible, or that the 1 of the field is the unit 
operator on the algebra. (2) Theorem II on p. 156 is false—if £,, €, are roots 
of an irreducible polynomial g(x) over a field F of characteristic zero, it is 
not true in general that there exists an automorphism of F'(£,,&,) over F 
such that £,->£,, £,->€,. For example, let w be a primitive fifth root of unity 
and teke é,=w, é,=w* and F=R,; then £,é,2=1 but €,€,24#1. (3) Theorem 
III on p. 191 is the theorem that an equation is solvable by radicals if and 
only if its Galois group is solvable. In its enunciation, the term “ quotient 
group ” makes its first appearance in the book (properties of quotient groups 
have not been dealt with, even implicitly). The proof is vitiated by the 
tacit assumption that the primitive r;-th root of unity w lies in the ground- 
field (the assumption comes in at the steps, “‘ Hence, clearly wSy=y ”’ (line 19) 
and, ‘“‘ Then also S-'y= wy ” (line 33)). Finally, the last part of the proof 
(viz. that G,_,/G; is cyclic) is omitted altogether. (4) The statement (p. 267), 
** Hence if the complete tensor of rank r is separated into sets which transform 
independently, the matrices of transformation of the various sets will be the 
irreducible invariant matrices of degree r”’ is patently false. Yet it is the 
only justification which the author gives of the (correct) process by which 
he decomposes a tensor into irreducible parts. Moreover, the question of full 
reducibility is not mentioned at all in the discussion. 

In conclusion, I feel that this book could be much improved without alter- 
ing the main lines. At present, its good intentions are not carried into 
effect. G. E. Watt. 


Introduction to Linear Algebra and the Theory of Matrices. By Hans 
ScHWERDTFEGER. Pp. 280. FI. 15; cloth Fl. 17.50. 1950. (Noordhoff, 
Groningen) 

This is a truly introductory book, in which the author achieves his aim of 
preparing the reader for the study of more abstract and advanced books on 
algebra. It covers very thoroughly the ground of a first or second year 
course in linear algebra and matrices for students of mathematics, physics, 
engineering and statistics. Throughout the book the author emphasises the 
close connection between algebra and geometry, and several geometrical 
topics are dealt with by means of the newly-acquired algebraical tools. 
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A brief summary will indicate the scope of the book: I. The notions of 
linear dependence and rank are developed in geometrical language, column 
vectors being interpreted as points in a real or complex number space. The 
theory of linear equations is treated without the use of determinants, which 
altogether play a rather secondary réle in this book. Determinants are then 
defined recursively by expansion with respect to one of their columns. (This 
method leads fairly quickly to a proof of the chief properties of a determinant, 
but it lacks symmetry and does not fully bring out the connection with the 
permutation group.) 

II. Linear transformations. Formal laws of matrix algebra. 

III. Equivalent and congruent matrices. Elementary transformations. 
Reduction of bilinear and quadratic forms. Hermitian forms. Skew matrices. 

IV. The group concept. Groups of matrices. Similarity. The character- 
istic polynomial. The orthogonal and unitary groups. Triangular form. 
The eigen-value problem of a normal matrix. The symplectic group and the 
Pfaffian invariant. 

While the book is essentially of an elementary character, there are numer- 
ous notes containing references to classical and modern literature, which give 
the student a glimpse of the land that lies beyond the horizon. Some of the 
more advanced subjects are discussed in the form of worked examples, includ- 
ing such topics as Hadamard’s inequality, quaternions, vector algebra in 
three and four dimensions and the Minkowski-Grassmann calculus. There is 
also an Appendix on projective theory and null systems. 

No treatment is given of elementary divisors or the Cayley-Hamilton 
equation in the case of a general square matrix. These subjects are to be 
included in a second volume, which is to be regarded as a sequel to the present 
book. 

The style is sufficiently broad to make the book easy for a beginner without 
making it long-winded. The exposition is very lucid, and there are many 
exercises and problems for the reader. (The understanding of the book is 
not seriously hampered by a few odd phrases and a number of unidiomatic 
sentences.) The work is a valuable addition to the textbook literature, and 
can be warmly recommended to all students of pure and applied mathematics. 

Water LEDERMANN. 


Differentialgleichungen. Lésungsmethoden und Lésungen. I. By E. KamMKE. 
3rd edition, reprinted. Pp. xxvi, 666. $7. 1948. (Chelsea Company, New 
York) 

The first three German editions of this first volume of Kamke’s massive 
compendium were published in 1940, 1942 and 1944, so that copies were not 
easily to be obtained in this country, and the great value of the work has in 
consequence perhaps not been widely recognised. The Chelsea Company’s 
reprint, an early member of that excellent list, has only just reached us; 
nevertheless, attention should be called to its existence, for the book is cer- 
tainly a reference work of outstanding importance, which should be in every 
mathematical library. The mathematician faced with a differential equation 
for which he must find a solution or characterising properties of that solution 
should have Kamke at his elbow. 

The first section, of about 180 pages, is concerned with methods of solving 
differential equations, and gives a survey of the whole field of ordinary 
equations, including recent methods such as that of the Laplace transform, 
and sections on numerical and graphical integration. The second section, of 
about 100 pages, deals with boundary value problems and with eigenvalues. 
This is particularly valuable, for while the main contents of the first section 
are familiar, this second section collects into a concise form a great deal of 

E 
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information which could not easily be found in any other single place. Refer. 
ences are generously supplied with commendable precision. 

The third chapter, of nearly 400 pages, particularly exhibits Dr. Kamke’s 
patience and thoroughness, for in it he lists about 1500 separate differential 
equations, with their solutions, notes on how these can be obtained, and 
references to the sources. The arrangement is clearly explained and is easy 
to follow, so that a very short search will show whether or not a particular 
equation or one like it is included. Beyond the obvious utility of this collec- 
tion to the mathematician in his proper person, the baser uses to which it 
may be put by the mathematician as examiner in his search for that elusive 
last question to complete the paper, a question to exemplify just this theory 
or just that technique, need not and will not be despised. 

A book for the library, without a doubt, and if not a necessity for the 
private shelves, certainly not an extravagance. 2. A. A.B, 


Die Lehre von den Kettenbriichen. By O. PERRoN. 2nd edition (rep.). 
Pp. xii, 524. $5.50. 1950. (Chelsea Co., New York) 

The first edition of Perron’s classic appeared in 1913, the second, sub- 
stantially a photographic reprint with some corrections and additions, in 
1929 ; the Chelsea Company of New York has now produced a reprint in its 
usual neat and pleasing format. 

The book is an indispensable work of reference for the library, and for the 
shelves of the working mathematician whose interests are analytical. Its 
two sections, on the arithmetic theory and the analytic theory, give a com- 
prehensive account of the topics and omit nothing of importance from what 
was known in 1913. Later special studies, many of them due to American 
mathematicians, are to be found in Wall’s recent book, but in a field where 
the textbook literature is not extensive, Perron remains the best guide for the 
novice. The style is simple and precise and presents no difficulties to a reader 
having a firm grasp of the fundamental principles of elementary analysis. 

In adding Perron’s masterly treatise to their list of reprints, the Chelsea 
Company have once more put us in their debt by making available a book 
without which no mathematical library is complete. T. A. A. B. 


Vorlesungen iiber Hohere Geometrie. By Frexix Kirin. Pp. vi, 405. 
$4.95. 1949. (Chelsea Publishing Co., New York) 


Die Idee der Riemannschen Flache. By HERMANN WEYL. Pp. viii, 183. 
$3.50. 1951. (Chelsea Publishing Co., New York) 

These two books have recently been added to the long list of German texts 
published by the Chelsea Publishing Company. Each is a reprint, of course. 
The former is the third edition of Klein’s famous work on Higher Geometry, 
as originally outlined in his ‘‘ Erlanger Programm’. In this edition (con- 
taining a foreword (1926) by W. Blaschke), a third section has been added on 
geometrical research of ‘‘ recent years ’’. This includes an account of Study’s 
line geometry, Levi-Civita’s theory of parallelism, topology and Artin’s 
theory of plaits and braids, and the theory of elementary divisors in matrix 
theory, with geometrical interpretation. The book is comprehensive in its 
treatment, to 1926, but must now be regarded somewhat of historical import- 
ance only. 

Weyl’s book is a reprint of the second (1923) edition, and concerns the 
topology of a Riemann surface, and functions on the surface. Included are 
accounts of the Riemann-Roch theorem and Abel’s theorem, algebraic func- 
tion fields, uniformisation and the conformal mapping of a Riemann surface 
upon itself. L. S. G. 
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Kreis und Kugel. By W. Buascuxe. Pp.x, 169. $3.50. 1949 (1916, rep.). 
(Chelsea Publishing Company) 

This is a welcome reprint of Blaschke’s important book, which first appeared 
in 1916. The book consists of four parts and an appendix. In the first two 
parts isoperimetric properties of the circle and of the sphere are dealt with 
from purely elementary considerations ; here the rather difficult existence 
theorems in the calculus of variations are avoided by making full use of the 
Steiner principle of symmetrisation. The third part of the book gives a con- 
cise exposition of those properties of convex bodies associated with the names 
of Schwarz, Brunn and Minkowski. The fourth part deals with the differential 
geometry of convex bodies in the large, and this is supplemented by further 
results in a nineteen-page appendix. 

It is appropriate that this book, which contains one of the earliest exposi- 
tions of differential geometry in the large, should be reprinted at a time when 
interest in differential geometry, at least in this country, is shifting from local 
to global problems. Blaschke considers the consequences when some geo- 
metrical property holds not only locally over part of a surface, but also 
globally over the whole surface—this being usually the closed boundary of a 
convex body. An example of this type of result, due to Bonnet, states that 
if the Gaussian curvature at all points of a closed convex surface exceeds 

1/R*, then the distance between any two points on the surface is certainly 
less than ~f. As other examples, sufficient conditions are found under which 
closed convex surfaces are necessarily ellipsoids. 

Although thirty-five years have elapsed since this book was first published, 
it remains one of the standard works on isoperimetric properties of convex 
bodies: it contains within a relatively short space a wealth of interesting 
information. This book, like other books by Blaschke, is not easy to read, 
but the effort required is well worth while. T. J. WILLMoRE. 


La Balistique. By ANDRE DELACHET arid JEAN TAILLE. Pp. 128. 1951 
(Presses Universitaires de France, Paris) 

Ballistics is a science which, under the successive impulses occasioned by 
wars, has grown to vast dimensions. The authors of this booklet wisely 
restrict themselves to a review of the many problems that arise, and thus it 
provides a very useful introduction to a complex subject. 

The book is divided into two main parts: Internal Ballistics, concerned 
with that small but vital fraction of time between the firing of the charge and 
the emergence of the shell from the muzzle of the gun ; and External Ballistics, 
covering the longer period of time while the shell speeds through the air 
towards its objective. Each of these parts is further subdivided into a 
theoretical section, and a practical section. 

Simplifying assumptions are the keynote of the theoretical methods intro- 
duced, so that the mathematics remains elementary throughout. A new- 
comer to the subject is thus able to form a clear picture of the problems, 
without losing his way in the mathematical mazes that abound. Descriptions 
are given of a few of the types of apparatus used for practical measurements, 
and the compilation of range tables, the use of the meteor telegram, and the 
dispersion of a number of rounds about a mean point of impact, are all briefly 
discussed 


The booklet is well printed and profusely illustrated by 42 diagrams. The 
French text is easily followed, as, too, are the symbols and equations. 
8. D. C. Munpay. 
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Problémes concrets d’analyse fonctionnelle. By P. Livy. Pp. xiv, 484, 
4000 fr. 1951. (Gauthier-Villars) 


This is a second edition, under a new title, of the Legons d’analyse fonc- 
tionnelle, by the same author, which was based on a course given in 1919 at 
the Collége de France and published in 1922. The main difference between 
this and the earlier edition is the inclusion of a fourth section, contributed by 
F. Pellegrino, on the theory of analytical functionals and its applications, 
which is largely an exposition of the work of L. Fantappié. Other changes 
are the omission from the first section of a resumé of the classical theory of 
measure and the Volterra and Fredholm theory of integral equations ; and, 
in the third section, a more satisfactory treatment is given of the problem of 
the mean value of a function defined on a convex surface in Hilbert space 
and of measures of volumes and surfaces in Hilbert space (achieved, roughly 
speaking, by replacing configurations in Hilbert space by sequences of approxi- 
mations of increasing dimension). 

The functionals considered in this book are deliberately restricted to con- 
crete ‘“‘ functions of lines”’ in the sense of Volterra, that is, to functionals 
which depend on the totality of values taken by a given ordinary function. 
Thus, for example, the work of Banach on linear operators, which unifies 
several apparently distinct branches of mathematics, forms no part of the 
present work ; and while this is justified on the grounds that more detailed 
results can be proved in the restricted situations considered, it does have the 
effect of making the book predominantly suitable for the specialist. To most 
mathematicians today, the theory of functionals suggests Banach spaces and 
the Schwartz theory of distributions. 

An unfortunate departure in this second edition is the omission of the 
name of the chapter from the heading of the page. P. J. Hixton. 


Mathematics of Relativity. By G. Y. Rarnicu. Pp. vii, 173. 28s. 1950. 
(Wiley, New York ; Chapman and Hall, London) 

The contents of the five chapters of this book are briefly the following : 
Chapter 1 puts certain results of classical dynamics and electromagnetic 
theory into forms needed for subsequent generalization. Chapter 2 deals 
with four-dimensional geometry and with tensor analysis. The geometry 
first studied is real euclidean geometry of four dimensions. Though he does 
not seek systematically to derive his geometry from them, the author pro- 
vides a set of postulates for this geometry taking as undefined concepts 
** vector ’’ and “ point ”’, and as undefined operations “‘ addition of vectors ””. 
‘** multiplication of a vector by a number ’’, “‘ inner multiplication of vectors ”, 
and ‘‘ subtraction of points ’’’. He then leads up to the definition of a tensor 
in the form, ‘‘ A sensor of rank r is a function which assigns to r vector arguments 
numerical values, the dependence on each argument being linear” (p. 43). A 
number of properties of tensors and tensor fields are derived from this defini- 
tion. The rest of the chapter is mainly concerned with the passage from 
euclidean geometry to the Minkowski geometry needed for special relativity 

Chapter 3 is on special relativity. Most of it is devoted to the derivation 
of standard results. But a special feature (Section 19) is made of a problem 
that can be stated thus: Being given at a single point of space-time a sym- 
metric tensor of order two and assuming it to be the “‘ complete tensor “’ of & 
perfect fluid together with an electromagnetic field, is it possible to evaluate 
the density, pressure and velocity of the fluid and the electric and magnetic 
vectors at the point? The author concludes that in general this evaluation is 
possible, apart from circular functions of an arbitrary angle in the determina- 
tion of the latter vectors. In what he calls the “ singular ’’ case there is more 
arbitrariness in the result. 
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Chapter 4 is on ‘‘ Curved Space ”’, and first leads up to the generalization 
of the total curvature of an ordinary surface to the case of a curved space of 
n dimensions in a flat space of N dimensions. The intermediary use of this 
flat space and of the tangent and normal flats at a point of the curved space 
are needed, so that the author can employ ordinary vectors and his definition 
of tensors depending thereon. By these means he is able to define the Rie- 
mann tensor, and he then proves that it can be interpreted as describing 
“intrinsic ’ properties of the curved space. He then discusses the introduc- 
tion of general coordinates in the curved space and the representation of 
vectors and tensors in such coordinates. He proceeds to derive a number of 
standard results of tensor calculus and differential geometry. Finally, the 
equations of physics as already derived in Chapters 1 and 3 are formally 
generalized to general coordinates in curved space. The author then equates 
the ‘“‘ complete tensor’ to the Einstein tensor and asserts that the “‘ curved 
space must be such that [this identity] holds” (p. 144). This brings him to 
General Relativity in Chapter 6. He first proves that if the complete tensor 
is that for a fluid under zero pressure, and if its tensor divergence vanishes, 
then the world-lines of flow are geodesics. The remainder of the chapter is 
a detailed application of this “ law of geodesics * to the Schwarzschild solu- 
tion of Einstein’s field-equations and the derivation of the properties which 
constitute the three so-called crucial tests of the theory. 

A few particular comments may first be offered. First, the author’s rather 
obscure definition of a tensor (which is, however, elucidated in the course of 
his exposition) appears to be equivalent to the usual definition of dyads and 
its generalization. 

Another point is that the author appears to claim in his Preface that the 
results of his Section 19, quoted above, dispose of the necessity for a unified 
field-theory of gravitation and electromagnetism. Surely this is mistaken : 
for he has come nowhere near to showing that the field-equations of ordinary 
general relativity reproduce Maxwell’s equations, or any counterpart of them. 
It is well-recognized that the theory is incapable of doing this. The author’s 
misconception of this point is bound up with that implied by his assertion 
on p. 144 as quoted. It is well known, but too often forgotten, that the 
identity referred to imposes no restriction upon the structure of space-time 
(ef. Eddington, Mathematical Theory of Relativity, Cambridge, 1924, 2nd 
edition, p. 120). The author’s implied belief that the identity, which is really 
only the definition of the stress-energy tensor, does impose a restriction, 
probably makes him ready to believe that some element of this restriction is 
equivalent to the electromagnetic field-equations. However, there is besides 
this the more elementary criticism that the investigation in Section 19 would 
break down if the fluid were not assumed to be perfect, 7.e. if there were a 
stress other than a simple pressure. [There are actually other incompletely 
resolved difficulties in connexion with the interpretation of the stress-energy 
tensor in general relativity, but these are not the ones treated here or else- 
where in the present book.] 

Turning now to more general comments, one can certainly say that the 
book has novel and interesting features. Since the subject is the mathe- 
matics of relativity and a concurrent development of relativity theory itself 
is given primarily only to demonstrate the need for the mathematics, the 
book should be judged accordingly. The foregoing criticism of the physical 
interpretation need not be unduly stressed. 

The author’s treatment of tensor calculus and Riemannian geometry is 
substantially different from the treatments usually employed in relativity 
theory. This is owing mainly to the definition of tensors which he chooses 
to adopt. His approach has, doubtless, certain merits which might justify it 
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if it were the prelude to a quite ambitious re-casting of the mathematical 
formulation of relativity theory. However, so far as one can see, the author 
aims merely at reaching the orthodox mathematical technique for handling 
problems in relativity theory itself. It seems that his route is merely more 
roundabout than the better-established one. 

The reviewer cannot help thinking that the writer of a book under this 
title accepts a certain responsibility for supplying the reader with the mathe. 
matical equipment needed to tackle the current literature of relativity theory. 
One has reluctantly to state that a student who has made his way through 
the book would still be inadequately prepared for this task. Indeed, one 
feels that the unassisted student would have only a hazy idea of what he is 
supposed to know at the finish of reading the book—and he would not be 
much aided by the scanty exercises at a few points in the text. 

Nevertheless, the author tells us that the book is the outcome of many 
years lecturing experience in the subject. In spite of what one has already 
said, one can readily believe that a lecture-course developed along the lines 
indicated by the book with the possibility of varying the emphasis from one 
section to another, and, of course, giving plenty of examples where required, 
could produce very profitable results. 

It may well be that other teachers of the subject will be stimulated by this 
book to make successful experiments with some such approach as it suggests. 

W. H. McCrea. 


The Microphysical World. By W. Witson. Pp. vii, 216. 5s. 1951. 
(Methuen) 

There are two reasons for not according a longer notice to this book. One 
is that it is effectively non-mathematical: though it is certain that mathe- 
maticians will be counted among its many interested and admiring readers, 
it is rather on the border-line of what is customarily reviewed in the Gazette. 

The other reason is that the book itself is so straightforward that it can be 
described in very few words. Indeed, had the reviewer at his command the 
same clear crisp style as the author he could do this in even fewer words. 

‘** It starts out from a time when atoms and molecules were no more than 
hypothetical suggestions to account for prominent features of known chemical 
and physical phenomena,” as the author says in his Foreword. It proceeds 
to give a largely historical account of the subsequent development of atomic 
physics, both experimental and theoretical, right up to the present day. 

Professor Wilson himself made distinguished contributions to the subject 
in the early days of the quantum theory. He is known to be as conversant 
with the mathematical as with the physical side of his subject. It would, 
indeed, take a good mathematician to present the theoretical results so clearly 
with the aid of the mathematics itself. I believe that it takes a better mathe- 
matician to do this without the mathematics! He has to have seen deeper 
into the heart of the matter. Added to this, Professor Wilson is an authority 
on the history of physics in the period of which he writes. His little book is 
a masterpiece of its kind, and is so well done that it almost succeeds in con- 
cealing the abundant art that has gone into its writing. W. H. McCrea. 


Physique moderne. II. Structure de l’atome et du noyau. G. GUINIER. 
Pp. 161-309. 1950. (Bordas, Paris) 

The first volume of this useful textbook was reviewed in the Gazette, XX XV 
(1951), p. 145. This second volume opens with a chapter on the structure of 
the atom and chemical bonds, with a final section on ‘‘ van der Waals forces” 
between molecules. Next there is a substantial chapter on spectra, giving 4 
good outline of the theory of atomic, molecular and X-ray spectra, together 
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with related matters such as the Zeeman effect and the Raman effect. Lastly, 
there is a chapter on the atomic nucleus. It starts with a sketch of modern 
ideas on nuclear constitution, and then proceeds to deal in more detail with 
Gamow’s theory of «-radioactivity. There is an appendix on the electric 
moments and polarisability of molecules. The volume concludes with a 
useful version of the atomic table of the elements and their naturally-occurring 
isotopes. 

Much of the material in this volume consists, of course, of the applications 
of the basic results given in the preceding one. Such application is for the 
most part descriptive in character, though the results obtained are often per- 
fectly precise, as, for instance, in enumerating the electronic states of a 
general atomic system and in deriving the “ selection rules ’’ for transitions 
between these states. About the only topics to which much in the way of 
mathematical treatment is given in the present volume are the Heitler and 
London theory of the hydrogen molecule, the theory of intermolecular forces, 
and the theory of the penetration of potential barriers required for the dis- 
cussion of «-radioactivity. 

The whole book impresses the reviewer as a good workmanlike job. The 
presentation is clear and concise and is greatly assisted by plenty of good 
clear diagrams. W. H. McCrea. 


Elasticity. Proceedings of the Third Symposium in Applied Mathematics 
of the American Mathematical Society, Volume III. Pp. v, 233. 51s. 1950. 
(McGraw-Hill) 


This book contains a collection of seventeen papers presented at the 
American Mathematical Society’s Third Symposium in Applied Mathematics, 
and is intended to be a reference volume which will be useful to mathe- 
maticians, physicists, and engineers interested in the theory or applications 
of elasticity. The topics considered include a summary of two-dimensional 
theory in anisotropic elasticity with approximate methods for the solution of 
special problems ; a problem in plane strain for a region bounded by confocal 
ellipses ; problems concerned with the bending of thin plates and a discussion 
of Kirchhoff’s boundary conditions and the edge effect for plates ; the elastic 
stability of the facings of sandwich constructions and dynamic loads on thin 
plates on elastic foundations. Two papers are devoted to the deformation 
of thin shells of revolution, one being concerned with large deflections but 
small strains, the other dealing with asymptotic integration of the equations 
when the deformations are small. 

One paper gives an account of the theory of finite elastic deformation. 
Most of the solutions of special problems which are mentioned in this paper 
are not very recent, and are based on a particular stress-strain relation which 
is not entirely free from criticism. The paper also contains a number of 
doubtful statements. 

Recent investigations on inequalities and estimates for torsional rigidity 
are reviewed, and new methods are presented which could also be applied to 
other important problems in mathematical physics. Stress fields of axially 
symmetric shafts in torsion and related fields are discussed. 

The last four papers are concerned with stress analysis in elastic-plastic 
structures, a graphical method for solving problems in plane plasticity and 
stress discontinuities in plane plastic flow. 

The presentation of most of the papers is in a less condensed form than 
normally used in research papers, and useful lists of references are included. 

A. E. G. 
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Mathematics Today. I. By E. E. Biecs and H. E. Vipat. Pp. 332. 6s. 6d. 
1951. (Ginn) 

This book is the first of three volumes written for the Alternative Syllabus 
of the General Certificate of Education (Ordinary Standard). There are two 
kinds of textbook for the Alternative Syllabus. One is a relatively small 
book which deals with those parts of the syllabus usually omitted in the 
customary textbooks. This, although admittedly not ideal, is a good com- 
promise and has the convenience of cheapness. The other kind of book, 
which is usually in three or four volumes, is a complete five-year course, in 
which the subject is dealt with as a unified whole. The book under review is 
neither of the first type nor of the second. In a prefatory note, we are in- 
formed that a knowledge is assumed of decimals, fractions, proportion, per- 
centages, profit and loss, simple and compound interest, averages, simple 
areas, square roots, directed numbers, simple and simultaneous equations, 
elementary constructions, angle sum of a triangle and a polygon, isosceles 
triangles, parallelograms, intercept theorems, chords of a circle. With these 
omissions the problem is how to make this book (and the companion books 
which are to follow) fit into the complete schemes of various schools with 
their many variations of textbooks and order of subjects. Clearly the first 
two years of the complete course are omitted. That being so, the authors 
should have been consistent. Why, then, do they waste time with examples 
of formulation of the first year type? Why are there numerous examples on 
rectangular areas and volumes? And why spend page after page on the very 
beginnings of graphs of the first year standard, instead of devoting this space 
to developing the concept of functionality ? 

The authors have applied themselves to their task with enthusiasm. They 
obtained the co-operation of their pupils, who were asked to look around 
them and to enquire of their fathers (why not mothers?) and friends. Many 
of their contributions were adopted, and have added to the freshness of the 
book. 

There is a tendency to put things into water-tight compartments. Thus 
there is a single chapter on graphs which contains all that the authors have 
to say on this subject, after which it is mentioned no more. In logarithms, 
the importance of introducing tabulation very early is not sufficiently appre- 
ciated. In the tabulation it is surely a waste of time to put in the number 
column the full expressions for the numerator, the denominator and the 
complete fraction. The work is completely intelligible if these details are 
omitted entirely. The National Grid is described in the chapter on graphs. 
The obvious place for this topic is in the treatment of loci. The chapter 
called ‘‘ The Business World ”’ revises interest, deals with house purchase, 
rates, income tax, hire purchase, loans from the bank, and ends with a section 
on shares and stocks. These are dealt with simply and clearly. One or two 
statements need revision. For instance, no bank will lend money to any 
ordinary person at a rate lower than 4% ; the authors’ suggestion of a 3% 
loan is not in order. Again, the authors imply that when a man buys shares 
he is given a certificate for every share he buys ; of course, he usually receives 
a single certificate for all the shares. 

The book ends with 16 test papers which vary from 3 to 8 questions each. 
These are the only revision papers in the book, and are too few in rr, 

8.1. 


Further Elementary Analysis. By R. I. Porter. Pp. xi, 306. 2ls. 
1951. (Bell) 


‘This book is a continuation of Elementary Analysis, and is intended to 
complete a two-year VIth Form course in Pure Mathematics suitable for all 
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but the mathematical specialist.” The author covers the whole of the Pure 
Mathematics syllabus for Ordinary Mathematics at Advanced level, except 
for Pure Geometry. Thus there are chapters on Algebra, Analytical Geo- 
metry, Trigonometry and Calculus (including differential equations). 

The scientist or engineer who wants to learn mathematics rapidly so as to 
be able to apply it to his particular problems might find the book useful. 
But it cannot be recommended to anyone in need of a reasonably rigorous 
treatment. In fairness, it must be stated that the author has deliberately 
avoided ‘‘ formal proofs and rigid lines of approach ’’, but in the reviewer's 
opinion he has carried the process much too far, and the compilers of some 
of the Mathematical Association’s Reports would be a little shocked by a 
number of Mr. Porter’s methods. To quote one example: on p. 48, Ex. iii, 
where the author evaluates 


¥ — 9 ais S (- 2 ) 
1 2(2n+ 1) 1 \n 2n4+1/’ 
we find the statement ‘‘ Hence, if S,, S, represent the sums of the infinite 


series whose nth terms are 1/n and 1/(2n+1) respectively, then the sum of 
the given series 


=S§,-28,=(4+44+44+...)-2(4+44+...)=14+4-$4+}-...”. 


There are other points which need attention in a further edition. Thus 
fdx/x=log x+c is not an adequate statement if x is negative ; and on p. 200, 
the author defines the principal value of tan! x, states that tan xz should 
be understood as meaning the principal value, and follows this up shortly 
afterwards with the theorem 


tan-! a+ tan-! b= tan-! [(a+6)/(1 -ab)], 


which is not true for principal values ; also, the definition of a differential 
given on p. 226 is much too naive. 

A good feature of the book is the latge number of examples it provides for 
working. Many of them are necessarily of the ‘ drill ’’ variety, but the more 
talented reader will find plenty to make him think. R. WALKER. 


Vorlesungen iiber Differential- und Integralrechnung. II. By A. OsTRowsSKI. 
Pp. 482. Sw. fr. 63; geb. sw. fr. 67. 1951. (Birkhaiiser, Basel) 

The second volume of Professor Ostrowski’s calculus book has been eagerly 
awaited by those who know the first volume ; they will not be disappointed. 
The new part has a two-fold aim: first, to extend the technique of the dif- 
ferential calculus to functions of more than one variable ; secondly, to supply 
proofs of those basic theorems which were assumed in Volume I. Thus the 
first two chapters deal with the theory of sets and of functions defined over 
a set, the key theorems proved being Borel’s covering theorem, the Bolzano- 
Weierstrass theorem on existence of limits in a bounded infinite set, the 
General Principle of Convergence, and the theorem that continuity over a 
closed set is uniform. Then there is a chapter on infinite sequences and series, 
going far enough to cope with uniform convergence, Tannery’s theorem, and 
Weierstrass’ theorem on polynomial approximation to a continuous function. 
Chapters IV and V deal with partial derivatives and applications to implicit 
functions, systems of functions and maxima and minima. The scene changes 
in Chapter VI to computation: numerical differentiation and integration, 
and the solution of equations by the (unmodified) Newton method and by 
the method of proportional parts. In dealing with Newton’s method par- 
ticular care is taken to examine the closeness of approach and the conditions 
for convergence. The two final chapters discuss the elements of differential 
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geometry in two and three dimensions: for three dimensions vectors are 
used, and a brief introduction to the requisite vector algebra is supplied. 

The exposition is clear and precise, but the level of sophistication assumed 
for the reader is higher than in the first volume. The author has moved from 
the ground floor to the first floor, and expects his readers to be able to run 
upstairs. Examples for the student are numerous, but very few of them are 
routine manipulations, and many are in fact theorems, by no means all trivial, 
for which room cannot be found in the main text. Hints are given for the 
harder problems, but is it quite fair to slip the tiresome and none too easy 
triple vector product formula into a set of simple vector identities? The 
student who works through a reasonable proportion of these exercises will 
certainly have acquired thereby a well-balanced grasp of the principles and 
technique of analysis. 

Some may think that differentials are timidly treated in a domain where 
they can be of great service ; others, recognising the neatness of the proof 
of the Frenet formulae, will nevertheless deplore the unnecessary air of 
artificiality produced by the convention that curvature is essentially positive. 
These, however, are controversial points on which the last word has not been 
said. 

Comparison with Knopp’s somewhat similar Héhere Mathematik is natural. 
Both books are noteworthy for thoroughness, accuracy and clarity. But I 
give the palm to Ostrowski’s book, since to the quality of Knopp’s it adds 
such a wealth of searching and interesting examples. Ostrowski promises a 
third volume to deal with multiple integrals and related topics, and his 
handling of this somewhat difficult and delicate subject will be sure of a 
welcome. T. A.A. B. 


The Elements of Mathematical Logic. By PAuLt RosENBLOoM. Pp. iv, 
214. $2.95. 1951. (Dover Publications, New York) 

Since mathematical logic is the study of logic by mathematical methods, 
it is not surprising that in works on mathematical logic we can distinguish 
between algebraic and function-theoretic treatments of logic. By contrast 
with the now classical works such as Hilbert-Bernays Grundlagen der Mathe- 
matik, Professor Rosenbloom’s book is definitely algebraic in content, treat- 
ment and outlook. 

Starting with an account of the algebra of classes we pass to the formulation 
of Boolean algebra as a formal deductive system and a study of the structure 
and representation of Boolean algebras, culminating in a proof of a necessary 
and sufficient condition for a Boolean algebra to be isomorphic to the algebra 
of the class of all subclasses of some class. 

In the second chapter the two-valued sentential calculus is established as 
a Boolean algebra and contrasted with many-valued logics (or rather the 
corresponding Post algebras) and various systems of modal logics. 

The first three sections of the next chapter are devoted to the construction 
of a formal system on the pattern of Principia Mathematica, adequate for the 
expression of the greater part of mathematics, and utilising a form of the 
axiom of reducibility to justify the definition of a class by abstraction from a 
propositional function. An alternative formula is given as well, introducing 
Quine’s theory of stratification in place of the theory of types. 

After stressing the complexity of the rules for substitution in a calculus 
employing bound variables, the possibility of constructing a system of logic 
which operates only with constants is discussed and shown to find its realisa- 
tion in the new combinatory logics. This section is particularly successful, 
and the account of the work of Curry and Church is admirably clear and 
concise. 
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The last chapter of the book is chiefly concerned with Post’s theory of 
normal languages, and Post’s theorem on the existence of a normal extension 
of any canonical language (quoted without proof) is made the basis of a 
proof of Church’s theorem that the decision problem for the first order pre- 
dicate calculus is not recursively solvable, and serves also to exhibit Gédel’s 
theorem that no consistent language adequate for mathematics is capable of 
proving every true statement in Arithmetic. 

The Elements of Mathematical Logic is intended to serve as a teaching text, 
and each section concludes with a set of graded exercises. The style is 
vigorous and stimulating, and the illustrations often as apt as they are 
unexpected. Regarding the axiom of choice, we learn that some political 
observers regard Mr. Truman as a test case “‘ when it comes to understanding 
political questions ...if Truman can understand a given political question, 
then anyone can. The axiom of choice implies that we can always find a test 
case’. 

Professor Rosenbloom has spared no pains to make his book as reliable and 
up-to-the-minute as possible. The bibliographical appendix is itself impres- 
sive evidence of familiarity with an extensive range of recent discoveries, but 
in addition to his reading the author travelled widely in the United States— 
and visited Scandinavia and England as well—to keep himself informed of 
forthcoming works and to clarify his own ideas by personal discussions with 
the leading workers in the field. 

Professor Rosenbloom and the Dover Press are both to be warmly con- 
gratulated on a sincere, timely and instructive book. R. L. Goopsterm. 


Jacobian Elliptic Function Tables. By L. M. Mitne-Tuomson. Pp. xii, 
132. 5” x 74”. $2.45. 1950. (Dover Publications Inc.) 


The tables in this handy volume are photographic reproductions, reduced 
in size, of two former publications by the same author: Die elliptischen 
Funktionen von Jacobi (Berlin, Julius Springer, 1931), and “ Seven-F igure 
Table of the Jacobian Zeta-function Z{u) ” (Proc. Roy. Soc. Edin., 52, 236- 
50). The main double-entry table gives the functions sn u, cnu, dnu to 
five decimals, for values 0(-1)1 of the square of the modulus m = k?, over the 
range u=0(-01)2, with short extensions to higher wu for selected values of m. 
Interlinear first differences are printed so as to assist in interpolation u-wise ; 
since the table is one of double entry, it is also easy to interpolate m-wise. 
There follows a short table to 8D of the complete elliptic integrals K, K’, 
E, E’ and the nome g= exp (- 7K’/K), as functions of m=0(-01)1; finally, 
the 7D table of Z(u), with 5°, for m=0-1(-1)1 and w= 0(-01)2, with extensions. 

An excellent forty-page introduction gives definitions, series, integrals, 
addition theorems, etc., for the elliptic functions, with numerical illustrations ; 
elliptic integrals of the three kinds; applications to conformal mapping, 
factorisation of cubic and quartic polynomials, etc. The volume is especially 
welcome, since, apart from the. monumental Spenceley tables, there are 
apparently no other systematical tabulations of these functions at the moment 
in print. C. W. JonEs. 


Lustiges und Merkwiirdiges von Zahlen und Formen. 7th edition. By 
WatrerR LiETzMANN. Pp. 276. 11.80 DM. 1950. (Vandenhoek and 
Ruprecht, Gottingen) 

In reviewing the fourth edition of this book Professor Broadbent cast back 
at the author one of his own quotations, ‘‘ Der echte Mathematiker ist Enthu- 
siast per se,’ which is as neat a summing-up of Dr. Lietzmann himself as 
anyone could contrive. It is this gusto in matters mathematical which makes 
him so readable, but those who have read Altes und Neues vom Kreis or Der 
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Pythagoreische Lehrsatz will feel a twinge of disappointment over this book. 
It is rather like a complete edition of some major poet ; the most trivial of 
anecdotes are included, and at times the humour, by English standards at 
least, is positively “‘corny”’. It cannot be ranked for treatment of topics 
with F. C. Boon’s Companion to Elementary Mathematics, for wealth of 
anecdote with De Morgan’s Budget of Paradoxes, and for general entertain- 
ment with recent American publications of a similar nature. Encyclopaedic 
in true German vein, it provides the teacher rather than the reader with an 
array of curious and varied topics. 

The book is arranged in three sections. The first is a collection of gene- 
ralities. Old friends reappearing include the stanza on 7 attributed by Boon 
to Leverrier, in company with some German verses on the same theme ; 
Hindenburg’s sketches of Pythagoras vor und nach seiner Entdeckung, and 
the proofs that all triangles are isosceles and that 2=1. Section 2 is chiefly 
on numbers; merkwiirdig on p. 123 is a German version of the St. Ives 
rhyme without a riddling answer : 


‘* Ein Bauer hatte sieben Pferde, 
Bei jedem Pferde hatte er sieben Knechte, 
Jeder Knecht hatte sieben Frauen, 
Jede Frau hatte sieben Kinder. 
Jedes Kind hatte sieben Ammen. 
Wieviel Beine waren da beisammen? ”’ 


Like Mr. Boon, Dr. Lietzmann includes puzzle sums and magic squares. 
There is an entertaining section on number systems with much about the 
binary. The section finishes with the Perpetual Calendar. 

The third part, on geometrical shapes, is the best. Recent popular American 
publications have informed us all of the existence of topology, and it seems 
possible that interest in this was one of the Nazi rejects, in company with 
Einstein and Lise Meitner, which found its way to the U.S.A. Space filling 
curves, the Mobius band, the three bridges—all is grist to Dr. Leitzmann’s 
mill. He finishes, of course, with his hobby : mathematics in artistic design, 
but it is curious that no mention is made of the arithmetic and geometry of 
the musical scale. It is a great pity that Dr. Lietzmann cannot find space to 
upset the common fallacy that der alte Herr Pythagoras invented a theorem. 
The Elizabethans knew better than this. 


Pythagoras, 

Said to his class, 

‘**T am quite unaware 

That I made up the thing about the square. 
Let everybody note without fail 

I invented the musical scale.” 


As might be expected from Herr Lietzmann’s knowledge of art, the plates 
are well and aptly chosen. It would puzzle other men to find eight such gems, 
so relevant to the text. Finding illustrations to suit casual phrases is simple 
enough ; finding them with only the vaguest connection is easier still. Herr 
Lietzmann’s choice of plates is in supreme contrast to that displayed in a 
recent American-style book on ‘‘ commercial arithmetic ”’ which is embellished 
with photographs of calculating machines and bank frontages, having no 
connection whatsoever with the text. Herr Lietzmann has chosen his illustra- 
tions well, but is the title ‘‘ Pure and Applied Mathematics ”’ his or Titian’s? 
And is Pure Mathematics the demure one or she with all her secrets bare? 

The price, at present rates a trifle over £1, makes this book, attractive as 
it is, prohibited to the average English reader. F.C. Boon’s book, 14/- pre- 
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war but unhappily now out of print, would be a better “‘ buy ’’ at the price, 
but the publishers and author of Zahlen und Formen are to be congratulated 
on their choice of matter. Presumably publishing is more difficult in Germany 
than in England, but it seems that in the former country both the public and 
the trade can afford to deal in books about mathematics rather than dreary 
repetitions of textbook styles or collections of examination papers. ‘‘ Pen- 
guins ’’ have given us Sawyer’s book, which is attractive but still in essence 
a text; they have also reprinted Hilare Belloc’s Cautionary Tales. Could 
not some enterprising firm revive for the general and the mathematical public 
cheap editions of such classics as Boon’s Companion, Abbott’s Flatland and 
De Morgan’s Budget of Paradoxes? And are all new mathematical writers in 
England anxious only to write textbooks? J. E. BLAaMEy. 


Differential Calculus. By B.S. Ray. Pp. iv, 246. Rs. 6/8. 1950. (Das 
Gupta and Co., Ltd., Calcutta) 

Some years before the war a well-known writer of school textbooks pro- 
phesied that within ten years the method of introducing calculus by means 
of limits would be obsolete, but there is no indication that the supporters of 
differentials are within sight of victory. Dr. Ray is whole-heartedly in favour 
of limits; indeed, he divides calculus basically into three limit problems, 
(a) area determination, (b) rate determination, (c) infinite series, and this 
book is concerned with the last two. The influence of Chrystal is strong and 
the reader may find traces of Edwards, but Dr. Ray is well aware of the pit- 
falls that await the beginner (7.e. ‘‘ the [Indian] undergraduate who is about 
to take up the study of the higher mathematics’), and he is at pains to 
elucidate them, not by mere dogmatic statements, but by actual examples. 

Fifty pages are devoted to the function, limits and continuity, and the 
student who has absorbed these properly will surely begin to have some true 
idea of the limit concept, and will be on his guard against treating it with 
the light-hearted abandon sometimes characteristic of the novice. Formal 
definitions are followed by a series of ‘“‘ Remarks ”’ intended to hammer home 
essential principles and bring out limitations, and cases of non-compliance 
are exemplified by means of simple functions ; it is all to the good that it 
should be made clear that the converse of “ a convergent sequence is certainly 
bounded ’’ may not be true, or that the limit of a sum is not necessarily equal 
to the sum of the separate limits. There is perhaps some obscurity in dealing 
with inverse functions. It is stated that many-valued functions are not 
accepted in analysis and only strictly monotonic functions admit of inverses 
so that sin— x is not a function of x; yet the next paragraph is headed “‘ the 
inverse sine function y=sin-!z’’, and an attempt is made to evade the 
difficulty by restricting attention to the principal branch, used exclusively 
throughout the book. 

The exponential is first introduced as the limit of the bounded monotonic 
sequence {(n+1)/n}"; later the theory of sequences is used to define a* when 
z is irrational ; finally, the expansion is derived from Taylor’s theorem. 

The derivative is defined as Lt {f(2 +h) —f(x)}/h, and its connection with 
tangents and rates of change follows: examples are given of continuous 
functions which are not differentiable at particular points. The usual dif- 
ferentiation theorems are proved as existence theorems and Euler’s theorem 
for homogeneous algebraic polynomials is proved. A later chapter on func- 
tions of several variables contains the proof for a general homogeneous 

of , oF 
Ox Oy : dy Ox : 

The work on infinite series provides a satisfactory introduction to the 

theory of convergency by means of comparison tests and the Cauchy test, 





function, and gives an example of a function for which 
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the need to have u,,,,/u,<some r<1 being stressed ; alternating series are 
dealt with satisfyingly by means of sequences. An argument designed to 
shew that a property of the individual functions constituting the terms of a 
series is not necessarily possessed by the sum function, and an example of a 
function (#—y)/(z+y) in which inversion of the order of taking limits as 
x0 and y—0 is not permissible introduce a discussion of power series of real 
variables, leading later to a proof of the admissibility of term by term 
differentiation. Taylor’s theorem with the Lagrange and Cauchy remainders 
1 


is given satisfactorily and the Cauchy functione 2 exhibits a function whose 
Taylor series converges, but does not represent the function. 

The usual elementary introduction to the application of calculus to geo- 
metry is generally satisfactory. It is unfortunate that the figures imply that 
dy/dx=0 at a point of inflexion ; the pedal equation is sometimes called the 
tangential polar equation ; the singular loci are briefly mentioned, with no 
indication of how they are to be distinguished from the envelope proper ; 
and I do not like the chapter on asymptotes, because I think the pupil will be 
thoroughly muddled by the theory which precedes the practical rules for 
finding oblique asymptotes. An appendix deals shortly with irrationals on 
the basis of the Cantor-Dedekind axiom of nested intervals, leading to a 
proof of the result that a bounded monotonic sequence is convergent, which 
had previously been accepted intuitively. 

This book has much to commend it, and is the work of a teacher who knows 
the mistakes to which beginners are liable. What a pity there have been so 
many sad lapses in proof-reading! Although a list of 15 errata is printed in 
the book and an insert gives 17 others, far more have escaped notice ; “‘ inter- 
changible ”’ is startling to English eyes and, more serious, the two forms of 
van der Waal’s equation on p. 5 are not identical. But these minor blemishes 
can be corrected in a second edition. B.A.S. 


Experimental Designs. By W. G. Cocuran and G. M. Cox. Pp. ix, 454. 
46s. 1950. (Wiley & Sons, New York ; Chapman & Hall, London) 

The two writers of this book have worked together at Iowa State College. 
Cochran was one of the statisticians at Rothamsted until he left there in 1939 
for a Chair at Iowa; Cox is an American, who has been trained entirely at 
Iowa: she recently gave to the Royal Statistical Society a picture of the 
work of the large Institute of Statistics of the University of North Carolina 
(there is a staff of 67), of which she is Director. The volume, one of the Wiley 
Mathematical Statistics Series (Wald’s Sequential Analysis, reviewed in the 
Gazette in February, 1949, is another), is intended as a source of reference to 
the numerous procedures that have been developed in the design of experi- 
ments since Fisher and Yates opened up the modern-day treatment of this 
matter. 

The book is primarily a handbook: it is for reference and does not 
itself present much original work, though, of course, it quotes from research 
of each of the authors. It is gleaned from many different sources, both for 
its designs—the publisher claims that 150 of the most useful experimental 
designs are given—and for its worked examples. Most of these are based on 
agricultural experiments, different aspects of some of these being dealt with 
in different chapters. But there are some on nutrition and on toxicology, 
and two, as a result of what the authors call their strenuous efforts to get 
examples from diverse fields, on the preparation of chocolate cakes and on 
roast beef: these are from students’ theses: in the former a breaking angle 
test is employed. It is essentially a practical book (see, for example, the 
notes on randomisation, checks on computation, number of figures to be 
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retained, identification of data, the use of confounding, missing data). Each 
chapter (there are 15) is closed with a bibliography (sometimes there is one as 
well at the end of a section in the course of a chapter). There are no exercises 
for the student. The first three chapters deal with general principles : here 
we have an explanation of the ideas of tests of significance, of confidence 
limits, of error variance, of replication. The rest of the chapters give detailed 
designs. These sets of plans, for dealing with various types of problems, are, 
in some cases, very extensive. Thus Chapter 11, “ Balanced Incomplete 
Blocks,”’ consists of text from p. 315 to p. 327, references on half of p. 327, 
and plans from p. 327 to p. 345. Similarly, Chapter 13, ‘‘ Youden Squares,”’ 
has text from p. 370 to p. 378 and plans from p. 379 to p. 390. The real 
value of such a handbook can therefore only properly be assessed by the 
worker who has occasion constantly to refer to it for a design suitable for the 
experiment that he is planning. 

The last chapter, ‘‘ Random Permutations of Numbers,” deals with the 
preparation of some tables suggested by Snedecor. Two such tables are 
given. One of them gives a thousand permutations of the numbers from 
1 to 9: the otner gives another thousand of numbers from 1 to 16. They 
were prepared in the first case by obtaining successive remainders of two- 
digit random numbers divided by 9, and in the second case by using two-digit 
random numbers to rank the sixteen numbers 1 to 16. A few of the numbers 
were obtained in other ways, some by drawing from an urn. The tables were 
tested for randomness. For two of the tests a frequency double entry table 
for number of cases of each number in each position was prepared, and then 
x’ tests used first for the rows and then for the columns. The third test 
was what, following Kendall, the authors call inversions: the distributions 
found were compared by a x? test with Kendall’s theoretical distributions. 
These are the only tables given in formal fashion, though there are some 
minor ones in the text. At the end of the volume there are six pages of 
selected references, supplementing the chapter references and, like them, 
mostly British or American, though there is a fair number of Indian references 
given. There is a list of Author references (two pages, nearly 100 names) 
and a six-page index. The book will undoubtedly be much used by workers 
in the field of experimental design. FRANK SANDON. 


Acceptance Sampling. ASymposium. Pp. iv, 155. N.p. 1950. (American 
Statistical Association, Washington) 

At their 105th Annual Meeting, the first after the war, the American 
Statistical Association devoted a full day (January 27, 1946) to discussing 
developments in Acceptance Sampling. There were four papers, by P. Peach, 
E. G. Olds, J. H. Curtiss, W. A. Wallis, on historical developments, sampling 
by variables, and sampling by attributes, printed in this symposium (they are 
said not to have been available before the meeting). Between them they give 
a bibliography of nearly a hundred items, with a good sprinkling of British 
work. There is a verbatim report of the discussions, in which more than 
thirty speakers took part. Most of the latter were representatives of the 
armed services, though there were also members of university staffs, inde- 
pendent research organisations, and engineering contractors included. The 
discussions were lively ones, and a number of different points of view were 
put forward. One speaker lamented the use of the term “ lack of quality ” 
and suggested as an alternative “‘ lousiness ”’. 

The Report is, owing to various causes, only now (1950) just published. 
It has a Foreword by the Chairman, Dr. J. W. Tukey, commending the ideas 
and techniques to practitioners and users of statistics over a wide field: he 
instances the application of the pattern to the assessment of diagnostic tests 
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for a specific disease. Tukey also writes a Closure, stressing the common 
ground arid indicating the problems ahead. ‘‘ The three cornerstones on 
which statistics has been built are: empirical examples, mathematical 
examples, and scientific method.”’ 

Most of the background of the subject discussed is that covered by the 
post-war books by Grant and Wald recently reviewed in the Mathematical 
Gazette (KX XXI, p. 122; XXXIII, p. 66). Due tribute is paid by various 
speakers and by the Chairman to British work on the topic. 

FRANK SANDON. 


Dictionary of Scientists. By A. V. Howarp. Pp. vi, cols. 500. 12s. 6d. 
1951. (W. and R. Chambers) 


Some 1300 names of scientists, from the earliest to the present times, are 
listed alphabetically. In each article the nationality, branch of science and 
date and place of birth and death, if known, are followed by a brief statement 
of the academic background and essential facts connected with the subject : 
within the scope and size of the work the treatment is adequate and generally 
accurate. The word “ scientist ’’ is interpreted widely to include inventors 
like Goodyear and Howe. Recent names include Lysenko, Uren, Watson- 
Watt and Whittle. The selection is curious: thus Terman appears but not 
Spearman, G. H. Thomson, Burt, Vernon : numerous unimportant chemists 
and physicists are named but not Tesla, Grotthus, Amagat, the two Borns, 
Lyman, Brackett. Modern mathematicians are rare, only some twenty-five 
born since 1800 being listed: Shanks and Spottiswoode appear to have 
elbowed out Appell, Baker, Borel, Bromwich, Birkhoff, Hardy, Hilbert, 
Veblen, Whittaker and many others. 

Columns are numbered for ease of reference, and there is a useful subject 
index of about eleven pages, with a complete list of Nobel prize-winners in 
physics, chemistry and medicine. The work is a useful book of reference for 
the teacher, and should certainly be in the school library. B. A.S. 





1692. ‘‘ There is but one, and that one ever’’; the words turn us from 
America and the Welsh marches to an endeavour, by the composer, to square 
the circle of life, or to spiralize the square.’—Hubert Foss, Ralph Vaughan 
Williams, p. 107. [Per Dr. W. M. Shepherd. } 


1693. Randall drank tea to gain time. It would be no use telling her exactly 
what he was thinking about. The word “ adiabatic ’’ meant nothing to her 
at all. The differential and the integral calculus were to her things of entirely 
no use—Randall once, with unwonted eloquence, had tried to explain to her 
how the calculus had made man master of the universe he lived in, and how 
its discovery had been more important than of gunpowder, and he had been 
hurt as well as surprised at her unbelief. Muriel was quite prepared to accept 
that in this ridiculous man-made world it might be necessary to juggle with 
x’s and y’s to obtain a science degree, but she could not conceive of the 2’s 
and y’s having any real importance or even any intrinsic interest. A man 
might as well have to learn how to keep six balls in the air at once—for that 
matter it was a way of earning a living too. It was no use talking about this 
morning’s lecture to Muriel; but luckily there was something else he could 
talk about.—C. S. Forester, Randall and the River of Time. [Per Mr. J. E. 
Blamey.] 
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